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KARL SCHWARZSCHILD 
By EJNAR HERTZSPRUNG 


The death of Karl Schwarzschild’ is a loss to science, all the 
harder to bear because he was taken away, not “‘full of years,” but 
when at the summit of productivity. 

Not long before his illness Schwarzschild said to the writer: 
“We have reached the height of life, before long we shall go down- 
ward.” He did not live to see that time. He died standing. If 
he had known beforehand that his life would be so short, he could 
not have used it to better purpose. 

Karl Schwarzschild was born at Frankfort-on-the-Main, the 
son of a Hebrew merchant. Like so many other prominent men, he 
was the only member of the family who took to science. He mani- — 
fested his scientific abilities as a schoolboy, at the age of sixteen, 
when he published two advanced papers on the determination of 
orbits of double stars, which were printed in 1890 in the Astro- 
nomische Nachrichten. The next publication, in 1892, contains 
observations of variable stars. This shows how the direction of 
Schwarzschild’s activity was already fixed in his student years— 
theory first, practice in the second place. He found his right 
place at once. ‘‘From the beginning,” he once said to me, “I have 
been interested in all branches of astronomy.” We may add 


* Born October 9, 1873; died May 11, 1916. 
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now: “in all with success.” In fact, the many-sidedness of 
Schwarzschild was astonishing. His high mathematical capacity, 
so uncommon in the practical astronomer, made him treat the most 
difficult problems of our science with startling virtuosity from a — 
theoretical point of view. Still it was mathematical sense, not 
mathematical knowledge, that he most appreciated in others. He 
had nothing of the inapproachable authority. He was the born 
teacher and understood how to make the most complicated things 
clear—so clear that the students were even said to complain that 
they missed the sensation of dealing with abstruse problems. The 
readiness with which Schwarzschild grasped the essential point 
in everything was perhaps his strongest characteristic; the tedious 
details were left for others of less capacity. 

It will be almost impossible for one man to give an adequate 
sketch of the whole of his scientific labor, because it covered such a 
wide field. I shall confine myself to some of his papers which are 
most nearly in the line of this Journal, of which he was a collabora- 
tor. I have lying before me a complete list of Schwarzschild’s 
papers, carefully selected by Professor Ludendorff. Iam sure that 
Schwarzschild himself would have been astonished to learn that 
this list contains about 120 numbers. 

When we look at the more especially astrophysical work of 
Schwarzschild, it must be borne in mind that mathematical analysis 
was what chiefly interested him. An outline of his astrophysical 
publications alone will therefore cover only the smaller part of his 
work. 

It is characteristic of his papers that they never contain simply 
bare data, but rather give observations as illustrations for some new 
method or other item which forms the gist of the communication. 
Many pearls are hidden in places where we should not naturally 
look forthem. His original paper, of the year 1896, on the measure- 
ment of double stars with the aid of a variable objective-grating, 
in order to diminish the systematic errors of observation, contains 
also the first measure of an effective wave-length. 

Schwarzschild took his degree at Munich in 1896 on a paper 
treating of Poincaré’s theory of rotating liquid bodies. Afterward 
he was for three years assistant at the von Kuffner Observatory at 
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Ottakring, near Vienna. It is here that he created the efficient 
method of photographic stellar photometry with the aid of extra- 
focal images. In the elaborate paper written on the subject he 
also gave the well-known formula for a second approximation (the 
reciprocity law being the first) of the law of density of photographic 
films, viz., density=/ (intensity Xexposure-time’), where the ex- 
ponent g is a constant. This second approximation has proved 
to be of good service in the case of long exposure-times used in 
stellar photometry. Besides photographic magnitudes of a few 
hundred stars in the Pleiades, Praesepe, and h, x Persei, the paper 
contains photographic observations of the two variable stars 
n Aquilae and 6 Lyrae. These two last objects both yield a good 
example of how Schwarzschild’s papers never missed the point. 
The observations of 7 Aquilae led up to the discovery of the color- 
variation in the Cepheid variables by showing that the photographic 
range of variation exceeds the visual range. The photographic 
observations of 8 Lyrae, on the other hand, compared with the 
visual observations of others, yielded a proof of the independence 
of the velocity of light of the wave-length. 

The next two years, from 1899 to 1901, Schwarzschild was 
active as a privat-docent in the University of Munich. 

In the year 1901, at the age of scarcely twenty-eight, he was 
appointed professor of astronomy and director of the observatory 
in the University of Géttingen. There he felt at home, not least 
on account of the especially mathematical sphere of this university. 
Gottingen he loved above all the other places where he worked. It 
was also there that he found his wife. 

One of the best-known astrophysical works of Schwarzschild 
during that directorship is the “Géttingen Actinometry,” which 
is to be considered as a continuation of his work on photographic 
stellar photometry started at Vienna. For the purpose he con- 
structed the Schraffierkassette. Instead of using the disk of the 
intra- or extra-focal star-image for measurement in the micropho- 
tometer, the new method effects the necessary broadening of the 
image mainly through a small and regular shaking of the plate. 
The main advantage of this device is the considerable increase in 
the useful part of the field. 
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The Gottingen Actinometry, completed with this instrument, 
contains photographic magnitudes of the 3500 stars brighter than 
7-5 in the Bonner Durchmusterung in the zone o° to + 20° declina- 
tion. It thus comprises in this region the same stars as the visual — 
Potsdam photometry. The material therefore yields the color- 
index of every star. Besides this, about 165 stars of the North 
Polar region were included. A single plate covers 1" in a and 20° in 
6, the focal length being 46 cm. The accuracy reached is con- 
siderable, the mean error being about o™“o3 for the catalogue 
magnitude of a star between 5 and 8. It is an interesting fact in 
connection with the question about the general constancy of the 
light of the stars that, in spite of the increased accuracy of the single 
observation, only very few new variables were found or suspected. 
Among these few the most interesting is the bright variable SZ 
Tauri, with small range, of the type of ¢ Geminorum. 

The color-indices of the Géttingen Actinometry showed that 
the connection between color and spectrum of small dispersion 
was very intimate—twenty-five cases of considerable discrepancy 
could practically all be reduced to defective spectral classification. 
The statistics of color-indices brought to light among the stars 
between 4“5 and 7™o, visual Potsdam scale, a curious minimum of 
the number of stars of intermediate color. The fact is intimately 
related to the phenomenon of “giant” and “dwarf’’ stars. The 
predominance of white stars in the Milky Way is also clearly 
brought out. 

In 1905 Schwarzschild went to Algiers to observe the total solar 
eclipse. Photographs of the flash spectrum were obtained with a 
spectrograph of “‘ultra-violet”’ glass. In the same year he investi- 
gated the distribution of ultra-violet light (A about 320 wu) on the 
_ surface of the sun from photographs taken at Jena, using a layer 
of metallic silver as a color-filter. 

Among the several popular papers by Schwarzschild we call 
attention to a lecture on celestial mechanics, delivered in 1903. 
It was printed at six different places and deserves special mention 
for astrophysicists, bi :ause it gives an unusually clear outline of 
theoretical astronomy. In that lecture a sentence occurs which 
throws a flashlight on his way of teaching. He says: “ Poincaré’s 
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work is shrouded in an atmosphere of abstract reasoning which 
hides his conceptions as the veil which hid the statue at Sais. I 
have felt the more justified in attempting a simple presentation 
of Poincaré’s work, as this veil has been more rarely lifted than 
looked upon with respectful awe.” 

Schwarzschild devoted considerable attention to the construc- 
tion and the theory of instruments. Among his most valuable 
contributions on the subject belong his researches on geometrical 
optics, dating from 1905. He based them on the known theorem 
of the shortest light-path, the “ Eikonal,” and developed therefrom 
the theory of optical instruments. He showed the possibility of 
constructing a double mirror in the Cassegrain arrangement, which 
would give a field practically as perfect as that of a photographic 
refractor of the carte du ciel type, in spite of a ratio of aperture to 
focal length of 1 to 3.5. 

Another instrumental invention dating from the time of his 
residence at Géttingen is the hanging zenith-camera for the deter- 
mination of the latitude. The instrument yielded as a by-product 
the declination of 375 stars near the zenith. Furthermore, he 
constructed a special compass for the navigation of airships. 

In 1909 Schwarzschild was appointed director of the Astro- 
physical Observatory at Potsdam. It was with a heavy heart that 
he left Géttingen. The new position as the head of an extensive 
institute claimed much time for non-scientific matter, and it is an 
evidence of Schwarzschild’s indefatigable application that his 
productivity did not seem to suffer. Not only that; he took 
the keenest interest in the special work of every member of the 
staff. His invaluable help was never appealed to in vain; the 
readiness with which it was given was, for the writer, even a real 
danger to discretion. 

During Schwarzschild’s short directorship at Potsdam the 
most notable instrumental improvement was the regrinding of the 
two objectives of the great refractor. For the rest, his theoretical 
and practical work is so many-sided that it is difficult to give a 
coherent description of it all. 

No wonder that the problems of stellar statistics, so accessible 
to mathematical treatment, especially appealed to his mind. His 
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best-known achievement in this field is the ellipsoidal hypothesis 
of stellar movements. As the distribution of stellar velocities 
showed marked deviations from the Maxwellian law, Kapteyn ad- 
vanced his hypothesis of two star-streams. But Schwarzschild © 
showed that the unitary consideration would fit the observa- 
tions nearly as well, if the Maxwellian velocity was only taken 
different in different directions. In other papers Schwarzschild 
gave a general solution of the integral equations of stellar statis- 
tics. In the continuation of these investigations he obtained 
among other things the interesting result that the stellar velocity, 
relative to the sun and projected on the sphere, cannot increase 
more than to double its amount, for 8 magnitudes decrease in 
absolute brightness. 

In quite another field lie Schwarzschild’s investigations relating 
to the theory of the tails of comets. From the year 1go1 dates his 
well-known theoretical investigation on the pressure of light on 
small spherical particles. Under the action of the sun such a 
particle will be attracted proportionally to its volume and repelled 
by the pressure of light proportionally to its surface. Conse- 
quently there will be a determined size of the particle at which these 
two forces counterbalance each other. On still smaller particles the 
pressure of light will predominate, and they will hence be repelled 
from the sun. All this, however, is true only down to a size com- 
parable to the wave-lengths of light, where diffraction begins to 
play a prominent part and the effect of repulsion is stopped. The 
maximum ratio between repulsion and attraction is of the order 
of 20 to 1. 

When Halley’s comet reappeared in 1910, photographs suitable 
for photometric use were obtained by the expedition to Teneriffe, 
equipped by the Potsdam Observatory. This material was dis- 
cussed by Schwarzschild and showed the important result that the 
decrease in intensity of the comet’s tail with the distance from the 
head is in the main explained by the corresponding decrease in 
density. In other words, the luminosity of the repelled particles is 
retained during their path along the tail, just as would be the case 
if it were due to resonance of the light of the sun. 
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At Potsdam, Schwarzschild developed an elaborate theory for 
the determination of radial velocities with the objective-prism, 
proposed by E. C. Pickering, and he tried the method practically 
on the group of the Hyades. In the course of similar work he dis- 
covered the strong bright K line in the second-type spectrum of 
the short-period spectroscopic binary o Geminorum. The fact 
may prove to be of special interest in connection with the question 
about the constitution of the absolutely bright yellow stars. 

To the theory of equilibrium of stellar atmospheres, more par- 
ticularly that of the sun, Schwarzschild has made most valuable 
contributions. It is natural that this complicated question could 
be considered only in its main aspects, and his treatment of the 
subject is a testimony to his intuitive power of recognizing the 
essential points. In the comparison between the spectrum of 
the sun—especially the region of the calcium lines H and K—in the 
center and near the border of the disk he came to the conclusion that 
the diffusion of light in the sun’s atmosphere probably substantially 
accounts for the observed facts. © 

Schwarzschild’s last paper, written during his illness, bears 
on the application of the quantum-theory to spectral series. The 
ardent wish for scientific occupation did not leave him until the 
last. It seemed incredible to the visitor at his sickbed that he was 
aman so near death. Atsu an occasion one feels the mastery of 
a strong spirit over earthly misery. 

Looking backward on his life, we can only preserve in our mind 
the rich memories he has left behind and try to understand what 
made him such an unusual man. If I were to name the most 
characteristic of Schwarzschild’s qualities, I would not hesitate to 
say “elasticity.” His mind was always susceptible to new impres- 
sions. He had a happy ability for forgetting all petty things—he 
never brooded over them. It was perhaps the secret of his fresh- 
ness that he never loaded his mind with immaterial subjects. 
He was always on the lookout for new ideas. He was in every 
respect at full development, as if there were nothing more latent 
in him. Owing to this, he may perhaps not have had much 
apprecixtion of dormant capabilities in others—-he wanted to see 
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everything in action as it was in himself. He considered the 
theoretical mastery over the subject as the highest step on the 
ladder of the human mind; compared with this, the practical 
realization was an inferior matter. His judgment about persons — 
and things was quick and sharp and nearly always to the point. 
At the same time he liked to be contradicted. It was no empty 
phrase he once used: “I cannot get on with a man who is respectful 
to me.” He wanted “pure” science. A particularly fascinating 
charm surrounded Schwarzschild. At his loss we feel poorer. 
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THE RELATIONSHIP OF STELLAR MOTIONS TO 
ABSOLUTE MAGNITUDE’ 


By WALTER S. ADAMS anp GUSTAF STROMBERG 


An important product of the radial-velocity observations of 
recent years is the clear evidence that the stars of large proper 
motion are characterized by high velocities in space. The fact that 
larg” pyroper motion is to some extent in itself an indication of high 
velox.ty must of course enter into consideration, but a computation 
of space velocities with the aid of mean parallax determinations 
shows that this cannot account for the results found unless a dis- 
tribution of velocities is assumed quite other than that of the ordi- 
nary law of Maxwell. In a paper published in 1915 Kapteyn and 
Adams? found this result from a discussion of the data for a con- 
siderable number of stars, and suggested two alternative hypotheses: 
(1) that velocity is a function of absolute magnitude; that is, the 
intrinsically faint stars move more rapidly than the bright stars; 
(2) that the nearer stars move more rapidly than the distant stars. 
These conclusions are self-evident, since the stars of large proper 
motion in general have large parallaxes, and hence are relatively 
near and intrinsically faint. On the assumption of absolute mag- 
nitude as the effective agent, a change of about 1.1 km in radial 
velocity was found for each unit of magnitude in the case of the 
K stars. 

The results were based wholly upon parallaxes derived from a 
formula connecting mean parallax with proper motion. The recent 
development of a method for deriving absolute magnitudes directly 
from stellar spectra has added greatly to the. material available for 
such an investigation, and we have accordingly taken up the study 
of the question with a view to discriminating between the suggested 
explanations. In addition to those stars for which absolute mag- 
nitudes have been obtained directly, use has been made of a large 

* Contributions from the Mount Wilson Solar Observatory, No. 131. 

2 Mount Wilson Communication, No. 1; Proceedings of the National Academy of 
Sciences, 1,14, 1915, 
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number of stars with radial velocities determined at the Lick 
Observatory. For most of these the parallaxes have been calculated 
with the aid of a new formula connecting mean parallax with proper 
motion. The investigation is based upon about 1300 stars of the | 
F, G, K, and M types of spectrum. In the successive portions of 
this paper we shall endeavor to indicate, first, the evidence afforded 
by a direct comparison of the arithmetical mean of the radial 
velocities with absolute magnitudes; secondly, the effect upon the 
results of the law of distribution of velocities, of stream-motion, and 
of errors in the parallax determinations; thirdly, the confirmatory 
evidence afforded by the linear components of the space-velocities. 


ARITHMETICAL MEAN OF RADIAL VELOCITIES' 


As the first and simplest step in the research we have compared 
radial velocities directly with absolute magnitudes. For this pur- 
pose the stars have been divided into groups defined by certain 
limits of parallax, and within each group the stars have been 
arranged according to absolute magnitude. The average of the 
radial velocities freed from the sun’s motion is then formed for each 
mean absolute magnitude within these groups of stars. The results 
accordingly show the relationship of radial velocity to absolute 
magnitude among groups of stars located in concentric shells of 
space around the sun. In this way the effect of magnitude is sepa- 
rated from a possible effect of distance from the sun. In order to 
secure the large numbers of stars which are necessary for such 
statistical comparisons, rather wide limits of parallax have been 
chosen. The results for the F and G stars and for the K and M 
stars are given separately in Table I. M is the absolute magnitude,? 
and V’ the radial velocity corrected for the sun’s motion. The 
number of stars is given in the second column. 

A very few stars of quite abnormal velocity have been omitted 
in the case of the F and G types, but with hardly an exception they 
are stars of low absolute magnitude, and their inclusion would 
merely increase the change in V’ with absolute magnitude. 


t In the following pages the arithmetical mean is designated by a bar above the 
symbol; the geometrical mean, by a bar below. 

2 Absolute magnitude is here defined as apparent magnitude reduced to the dis- 
tance corresponding to a parallax of o"1. 
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The increase in the value of the radial velocity with the absolute 
magnitude is shown clearly for essentially all of the groups in 
Table I. It is most marked in the case of the stars of large parallax, 
since these show the largest range in absolute magnitude, and their 
parallaxes are most accurately determined. The smallest paral- 
laxes, on the other hand, are subject to much larger percentage 
errors. The absence of intrinsically faint stars among the groups of 


TABLE I 
. | Number | | Number | 
F anp G Srars 
km km 
3.0 | 15.4 0.3 | 10.8 
5 0%050/457..... 4.8 | 16.5 07024 to o7013 79.. 1.4 | 11.7 
z.2 | 83...7] 0.3 | 11.6 
0.049 to 0.025 |;87..... 3.0 | 15.1 =0.012 58....| 1.4 | 14.0 
K anp M Stars 
2.4 | 20.7 0.6 | 14.8 
6.2 | 25.1 ©.024 t00.017 |{99..... 1.4] 17.5 
> 0.050 7.7 | 27.2 2.7 | 19.7 
10.0 
0.6 | 14.5 
5.3 0.016 to 0.013 |{41..... 1.3 | 14.3 
0.049 to 0.034 |{28..... 2.7 | 24.3 2.2 | 17.2 
6. 
° 0.5 | 16.3 
0.3 | 13.0 20.0t3 %3...:. 1.4 | 15.6 
©.033 t00.025 |{55..... 1.5 | 14.1 2.3 | 13.4 
2.4 | 22.0 


small parallax is, of course, due to the fact that such stars are too 
faint to have been observed for radial velocity with existing instru- 
ments. Interpreted directly, therefore, two general conclusions 
may be drawn from these results: (1) Among stars at the same 
distance from the sun, as defined by these parallax limits, there is 
an increase of radial velocity with decrease in absolute brightness. 
(2) There is little evidence of a variation in radial velocity with 
distance from the sun. 
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If we combine the results for all of ‘the zones according to abso- 
lute magnitude we obtain the values given in Table II. 


TABLE II 
F anp G Stars K M Stars 

Number M Vv’ Number M Vv’ 

km km 


A plot of these results in Fig. 1 shows that they are represented 
with sufficient accuracy by two straight lines nearly, if not quite, 
parallel to one another. A linear relationship, therefore, is indi- 
cated between absolute magnitude and radial velocity, the change 
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Fic. 1.—Variation of radial velocity with absolute magnitude: points, for F and 
G stars; crosses, for K and M stars. 


in velocity for each unit of magnitude amounting to 1.5 km for 
the spectral types considered. A value of 1.1 km was found for 
the stars of type K by Kapteyn and Adams in the paper to which 
reference has already been made. 
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DERIVATION OF THE PARALLAXES 


The vital importance of accurate parallax determinations for 
such an investigation is obvious. Since spectroscopic parallaxes 
were available for only about 700 of the stars used, it became 
necessary to supplement these values with others derived by aid 
of a mean parallax formula. A brief description of this formula 
is therefore essential. 

The measurements of van Maanen upon the parallaxes of stars 
of very small proper motion, together with spectroscopic deter- 
minations, have shown that the values for such stars are consider- 
ably larger than would be expected from their proper motions. 
Thus for stars with proper motions less than 0%020 annually the 
parallaxes appear to be nearly independent of proper motion and 
dependent only on the magnitude. This is probably due to the fact 
that a list of stars of very small proper motion, but bright enough 
to be contained in a catalogue such as that of Boss, involves the 
selection, not only of distant stars of high intrinsic luminosity, but 
also of those whose velocity components at right angles to the line 
of sight are nearly parallel to the sun’s velocity component in the 
same plane and are of the same order of magnitude. Since the 
intrinsic luminosity of a star cannot be infinitely great, we should 
expect that the selection of apparently bright stars of very small 
proper motion would involve a selection of direction of space-motion 
as well as a selection of distant stars. The values given by Kap- 
teyn’s mean parallax formula’ are, therefore, probably too small for 
stars of very small proper motion. 

An additional consideration is that among the distant stars we 
observe only those of high luminosity. Accordingly, if, as the 
results of this investigation indicate, the highly luminous stars have 
small radial velocities and hence small space-velocities, we should 
expect that the usual mean parallax formula, which is founded on 
the assumption that the velocity- and the luminosity-curves are 
independent of distance, would give too small parallaxes for the 
stars of small proper motion. 

For these reasons we have not made use of Kapteyn’s equation 
in its usual form, but have modified it in such a way as to obtain 


* Publications of the Astronomical Laboratory of Groningen, No. 8. 
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finite parallaxes for zero proper motion by the introduction of an 
additional constant. The form used is 


or log r=log log (u-+c)+m loge. 


The spectroscopically observed parallaxes were used in the 
derivation of the constants in order to render the results homoge- 
neous. Since the value of b was found nearly equal to 1, and it 
proved most difficult to determine }b and c¢ separately, the more 
simple form 

log r=log A+log (u-++-c)+m loge 

was used for stars with proper motions less than 1’’, and gave 
results in good agreement with observation. Since proper motion 
is a different measure of parallax in the neighborhood of the sun’s 
apices and apart from them, the constants have been determined 
separately for the stars near and distant from these points. The 
formula has been referred to the magnitude scale of the Harvard 
system. 

The mean errors in log r derived from this equation are depend- 
ent upon the magnitude and proper motion. They are largest 
for the stars of types K and M, but are considerably smaller than 
those given by the formulae of Kapteyn and van Rhijn.*. Further 
details of this formula and its use will be given in a future com- 
munication. 


FREQUENCY DISTRIBUTION OF VELOCITIES 


Reference has already been made to the suggestion in the paper 
by Kapteyn and Adams that the distribution of velocities in space 
might be quite other than that given by Maxwell’s law, and that 
this fact might be used to explain the smaller radial velocities of 
the stars of small proper motion. It is evident that, if in any 
selected group of stars there is an excess of large velocities as com- 
pared with that given by Maxwell’s law, we are inclined to assign 
such stars too large parallaxes owing to their large proper motions, 
and consequently to conclude that the mean intrinsic brightness of 
the stars in the group is too low. We might, therefore, arrive at 
false conclusions regarding a relationship between velocity and 


* Mt. Wilson Contr., No. 110; Astrophysical Journal, 43, 36, 1916. 
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either distance or absolute magnitude. It is therefore most desir- 
able that the effect of frequency distribution be eliminated so far 
as possible. The following method was devised by Strémberg for 
computing the parallaxes in a manner independent of the law of 
velocity-distribution. 

The star’s velocity in space is projected upon three axes, one of 
which corresponds to radial velocity, and the other two to the com- 
ponents of proper motion which are denoted by v and 7 in Kapteyn’s 
notation. The yv axis is directed toward the sun’s apex, and the 
7 axis is at right angles to the v axis. The three components of 
the star’s velocity in space, corrected for the sun’s motion, are as 


follows: 

Vi=V+Vecosd; Vien’, 
in which V is the star’s radial velocity, Vo the sun’s velocity, d the 
angle between the star and the sun’s apex, K a constant" equal to 
4.738, and v and + the components of the proper motion. If 
we assume that the frequency function F for these three compo- 
nents is the same, without any assumption as to its nature, we have 


F(V’)=F(V,) or F; (log V’) =F, (log V,) or log V’=log V;. 


Denoting mean values by a bar above the symbol, we find 
log r=log K+log 7—log V’. (1) 


If the geometrical means, denoted by a bar below the symbol, are 
then introduced, we have 


logr=log7; logr=logr; log V’=logV’ 
or, finally, 
T 
Vv (2) 
This equation is of the same form as that derived by Campbell for 
the arithmetical means and valid for a small range in the parallaxes. 
Equation (2), however, is correct whatever the variation in 7, 7, or 
V’. In equations (1) and (2) the numerical values of r and V’ are 
to be considered without regard to sign. 


*W. W. Campbell, Stellar Motions, p. 222. 
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A similar computation using the y component gives as a final 


result 
Kv 


sind)’ (3) 


The two equations (2) and (3) have been used to compute the 
parallaxes for the groups of stars used in Table I. These results 
are shown in Table III, as well as the geometrical means 7 of the 
parallaxes employed. 7 


TABLE III 


Number | | | m(v) 


5 o"o050 07082 0078 07086 
4 ©.049-0.034 .O41 045 044 
.033- .025 .028 023 o21 
.024- .O17 .020 O17 O13 
.O16— .013 .O15 006 004 
=0.009 ©.007 0.003 0.003 


K M Stars 


5 0”094 0"075 0" 103 
©.049- .034 .039 .O21 .030 
.033- .025 .028 .O19 .022 
.024- .O17 .020 .O10 .O10 
©.016- .013 .O15 .004 .004 
=0.012 ©.009 0.003 ©.004 


This comparison shows a good degree of accordance for the 
groups of large parallax between the values of the parallax actually 
employed and the computed values from the v and r components. 
For the groups of small parallax, however, the values used are 
appreciably larger than the computed ones. A part of this differ- 
ence is due to the selection of stars with motions mainly in the line 
of sight and tangential components parallel and nearly equal to the 
sun’s motion. This is seen from the results of Table IV where the 
radial velocities for the distant stars are considerably larger than 
the linear r components. It is probable, however, that the parallax 
values employed are subject to a certain amount of systematic 


6 
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TABLE IV 


CTH OMH AN Ht HT MTA THO +t CHM 
CHOO DMO CHH HH MON OFT Como OCS Ah MT 
> TOF MO Aton HMM HRM CAH CO CH 
>| AHO MT MO CAM MEA MOH AN 
° ° ° ° 
an an + ~ HM moO ™ a 
OHM OM OAH OF HNO OFM OF OF ON 
GAAS GAG AAAS GAS GAS Bad aad 
mt mo am | orn or a xe OF or 
= wig dar won WAI VIAN VIAN vig AN 
° ~ ° t+ ~ Le) a 
° ° ° ° 
° ° ° ° ° ° ° ° 


| 


302 WALTER S. ADAMS AND GUSTAF STROMBERG 


error, based as they are in the final analysis upon an extremely 
scanty amount of observational material. 


EFFECT OF STREAM-MOTION 


The stream-motion of the stars used in this investigation might 
affect to some extent the means of the radial velocities, although 
with the relatively large groups employed the influence would cer- 
tainly be slight. As a means of reducing the effect, we have com- 
puted the geometrical means of the radial velocities V’ and the 
linear 7 components V,, and have formed the arithmetical means 
of these two values. If stream-motion is to be regarded as affecting 
mainly the direction of the space-velocities, the influence upon the 
mean of the two components should be greatly diminished. 
Table IV contains these results. The linear r component V, is 
calculated from the geometrical mean of the parallaxes of the stars 
in the group by the aid of the formula 


log V,=log K +log r—log 7. 


For purposes of comparison the arithmetical mean V’ is added for 
the different magnitude groups. 

The results of Table IV agree with those of Table I in indicating 
a decided increase in velocity with decreasing absolute brightness 
among the stars of the several zones. This is true for both of the 
components used. There seems to be little evidence of a decrease 
in velocity with distance for a constant absolute magnitude, and 
it appears certain that the effect if present must be relatively slight. 

As a final test of the results, we have used only the stars with 
parallaxes exceeding o’017. For these we have computed the geo- 
metrical means of the radial velocities (excluding a few stars with 
velocities smaller than 0.3 km), and the corresponding 7 and y 
parallaxes; also the absolute magnitudes and the linear 7 com- 
ponents, using the means of r(r) and ;(v). The absolute magni- 
tudes and the r components, therefore, are independent of measured 
parallaxes and of the frequency-distribution of the velocities. A 
single exception is found in the last group of the K and M stars for 
which the observed parallaxes are used. -The results are given in 
Table V. 
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The increase of velocity with decrease of absolute brightness is 
shown very clearly in these results. The same result is true for 
the apparent brightness m of Table V. Under this heading are 
given the arithmetical means of the apparent magnitudes of the stars 
included within the groups M. 


TABLE V 


M No. n(r) om M Ve, | 


F G Stars 


km km km 

So.9....| 60 | of%012 | of010 | oforr | 3.38 |—1.43 | 6.33 | 6.69 6.51 
I.0-1.9....| 94 .023 .o18 020 | 4.44 |+0.99 | 9.56 | 10.57 10.06 
2.0-2.9....| 78 .024 .026 025 | 4.84 1.83 | 10.86 | 10.59 10.73 
3.0-3.9.,.:1 38 .094 .073 084 4-77 4.38 | 10.31 | 11.64 10.97 
4.0-4.9....| 62 .060 .059 o60 | 5.84 | 4.71 | 15.97 | 16.01 15.99 
§.0-5.9....| 64 .073 .057 065 | 6.69 | 5.74 | 19.54 | 21.97 20.75 
56.0....| 40 | 0.077 | 0.095 | 0.086 | 7.32] 6.99 | 20.96 | 18.78 | 19.98 
450 | 0.036 | 0.034 | 0.035 | 5.18 | 2.89 | 11.89 | 12.28 | 12.08 


S0.9....| 77 | 0.009 | 0.007 | 0.008 | 3.54 |—1.89 | 8.54] 9.20 8.92 
I.0-1.9....| 188 .O15 o18 O17 | 4.44 |+0.54 | 11.65 | 10.42 
2.0-2.9....| 66 .022 026 024 | 4.64 | 1.57 | 14.23 | 13.14 | + 13.69 
3.0-5.9....| 39 .035 060 048 5-55 | 3-95 | 20.59 | 15.20 17.90 
6.0-7.9....| 48 .o81 .124 102 ~ 7.38 | 17.97 | 14.37 16.07 

S8.0....| 29 |(0.137)|(0.203)| 0.147 | 8.42 | 9.25 | 17.88 | 16.61 17.25 

447 | 0.022 | 0.026 | 0.024 | 4.98 1.88 | 12.88 | 11.64 12.26 


RADIAL VELOCITY AND SPECTRAL TYPE 


A comparison of the average radial velocity of the F and G stars 
with that of the K and M stars is complicated by the fact that the 
former show a much greater velocity-dispersion. Two stars with 
velocities of over 300 km belong to the F and G group, and there 
are several others of quite abnormal velocity. These stars have 
been excluded in the absolute-magnitude discussion, and it is for 
this reason that Table II cannot be regarded as giving the direct 
relationship between spectral type and velocity. For these reasons 
it seems probable to us that the use of the geometrical mean, 
which is not abnormally influenced by the inclusion of stars of 
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exceptionally high velocity, is preferable for this purpose. Table 
VI gives the geometrical means of the radial and coraponent veloc- 
ities together with one-half their sum. The parallaxes have been 
corrected for systematic errors. All stars with parallaxes exceeding © 
o”017 have been included. 


TABLE VI 


No. M m(v) M | v’ Vv, 4(V'+V,) 


F G Stars 


km km km 
154....| S1.9 | o%017 | o%014 | 07016 |+0.01 8.14 9.00 8.57 
gor....| 52.0] 0.046] 0.044] 0.045 |+4.03 13.89 14.07 13.98 


K anv M Srars 


10.11 
15.16 


—0.13 | 10.31 9.91 


268....| S1.9 | 0.013 
+4.62 16.17 14.15 


184....| 52.0] 0.043 


©.014 | 0.014 
©.056 | 0.050 


These results indicate that the K and M type stars have a 
velocity of from 1.0 to 1.5 km higher than the F and G stars of the 
same absolute magnitude. 


CONCLUSIONS AND SUMMARY 


1. Radial velocity is a function of absolute magnitude for the 
1300 stars used in this investigation. The increase in velocity is 
: about 1.5 km for a decrease in brightness of one magnitude. 

a) This effect cannot be ascribed to distance from the sun, since 
stars at the same distance show the effect strongly. 

b) It cannot be due to the law of frequency-distribution of the 
velocities, since the component velocities calculated under no 
assumption of the nature of the frequency-law show the effect 
equally with the radial velocity. 

c) It cannot be due to the effect of stream-motion. 

2. A modified form of the formula connecting mean parallax 
with proper motion has been derived and applied to the stars under 
investigation. This formula gives mean errors considerably below 
those of the formulae commonly in use. 

3. A method has been devised for calculating the geometrical 
means of the parallaxes of groups of stars, and these values have 
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been compared with those used in the investigation. The agree- 
ment is good for the groups of large parallax; for those of smaller 
parallax the observed values are somewhat too large. 

4. The radial velocity and the r-component velocity increase 
with decrease in apparent brightness. 

5. The giant and dwarf division among the K and M stars is 
indicated clearly in the absolute magnitudes (Table V). 

6. The use of the geometrical mean of the velocities and the 
parallaxes possesses some marked advantages for an investigation of 
this character. In the case of velocities it is unnecessary to exclude 
abnormally high values, as was done for the arithmetical mean, but 
only values very near zero. The agreement of the two means in 
indicating the variation of velocity with absolute magnitude is, 
therefore, a valuable check on the results. Further, from the geo- 
metrical mean of the parallaxes, it is possible to compute directly 
the mean absolute magnitude by the formula M=m-+5+5 log z, 
whatever the range in m and z. av 

7. The stars of types K and M have mean velocities about 1.0 
or 1.5 km higher than the F and G stars of the same absolute 
magnitude. This conclusion is based upon a discussion of the 
geometrical means of the radial and component velocities. 


Mount WILtson SoLAR OBSERVATORY 
April 1917 


COMPARISON OF VISUAL AND PHOTOGRAPHIC OBSER-. 
VATIONS OF ECLIPSING VARIABLES 


By HENRY NORRIS RUSSELL, MARY FOWLER, anp MARTHA C. BORTON 


The present paper contains the first results of a program of 
co-operation between the Harvard and Princeton observatories in 
the measurement and discussion of the observations of variable 
stars contained in the plates of the Harvard Photographic Library. 

The photographic magnitudes have been estimated at Harvard 
by comparison with a sequence of stars in each field for which mag- 
nitudes were derived by Miss Leavitt by comparison with the Polar 
Sequence. For the stars W Delphini, S Cancri, and SW Cygni the 
estimates were made in 1903, as part of the work done under a 
grant from the Carnegie Institution; but the magnitudes of the 
comparison stars have been redetermined in 1916 by Miss Leavitt. 
For the remaining stars the estimates were made in 1915 and 1916 
by Miss Leavitt and Miss Locke. 

The discussion of the observations has been carried on at the 
Princeton University Observatory, this part of the work having 
been made possible by a gift to the Observatory by Mr. Archibald 
D. Russell. For the stars here discussed the computations have 
been made and the published accounts prepared by Miss Fowler 
in the case of W Delphini, U Sagittae, and S Cancri; by Miss Borton 
for RW Tauri and SW Cygni; and by both together for W Ursae 
Majoris. The observations upon which these reductions are based 
will be published in the Harvard Annals, together with the final 
phase for each and residuals (O—C) from the light-curves adopted 
below. 

The concluding section, containing a general discussion of the 
work so far completed, has been written by Professor H. N. Russell. 


I. W DELPHINI (20°33™1,+17°56’ [1900]) 


When Wendell’s later observations, given in Harvard Annals, 
69, Part II, which have been published since Professor Russell com- 
puted the light-curve based on Wendell’s earlier observations, were 

306 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
} 


ECLIPSING VARIABLES 307 
being plotted, suspicion of a changing period was aroused and all 
Wendell’s observations were studied further. They were divided 
into seven groups, with the result given in Table I. The fourth 
column gives the correction (O—C) to Wendell’s elements of mini- 
mum: 2,412,002.5971+4.8061 E. These results were plotted and 
it was found that a symmetrical curve, whose equation gives the 
correction —010377+0.000,111 E—0.000,000,062 E?, could be 
drawn through them. After this is applied, the outstanding 
residuals are those given in the column headed O—C’. 


TABLE I 
No. Mean Epoch _ | No. of Obs. 0-C O-C’ 
WENDELL’s OBSERVATIONS 
+ 322 20 —010035 
+ 381 128 . 
+ 458 146 . 000 . 000 
+ 695 15 + .o1o + .0005 
+ 772 25 + .o10 — ,oo1 
+1222 14 + .006 . 000 
+1374 14 —0.002 ©.000 
PHOTOGRAPHIC OBSERVATIONS 
+ 360 113 —0.006 ©.000 
"ES + 482 166 +0.002 ©.000 
+ 634 71 +0.009 +0.001 
+ 810 13 +0.012 ©.000 


Phases for the 401 photographic observations were computed 
first with Wendell’s elements and then corrected to the smooth curve 
given above. They were then divided into four groups in order of 
phase, plotted, and the corrections to Wendell’s elements obtained, 
as shown in the lower part of Table I, which fully confirm the cor- 
rection to Wendell’s period during the interval which they cover. 

Wendell’s elements, thus corrected, which are 2412002.5594+ 
4.806211 E—0.000,000,062 E?, are those used in computing the 
light-curve here discussed. Wendell’s elements, as given in Harvard 
Annals, 69, however, are probably of more value for purposes of pre- 
diction, owing to the probability that the effect here appearing as 
the term in E? may ultimately be found to be periodic in nature. 
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In applying this correction to the visual observations, Wendell’s 
earlier observations on the ascending branch and on the descending 
branch were treated separately. The mean epoch of 149 observa- 
tions on the ascending branch is 423.6 and that of 204 observations 
on the descending branch is 453.3. The corrections for these two 
epochs are +o0%0008 and +o%ooo1, respectively; but a further 
allowance must be made for the quadratic term, +-0.000,000,062 E?. 


—of20 —0.10 0.00 +0.10 +0.20 


10.5 


12.5 


W Delphini 
Visual, above; photographic, below 


Fic. 1 


The mean square difference in epoch between an individual observa- 
tion and the mean epoch of the group is + 111 for the ascending and 
+114 for the descending branch. By applying the value of the 
quadratic term for these intervals, the complete corrections are 
found to be +040016 and +040008, respectively, which fortunately 
are so nearly equal that it will suffice to apply the mean, +-040012, 
to the computed epoch without changing our light-curve or ele- 
ments. The epoch assumed by Professor Russell in his determina- 
tion of the light-curve in Astrophysical Journal, 36, 133, 1912, is 
ofoo015 earlier than Wendell’s and hence 040027 earlier than the 
new elements. 
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The 390 photographic observations which remained after reject- 
ing eleven which had inadmissably large residuals were combined 


TABLE II 
NorMAL MAGNITUDES OF W DELPHINI 


Phase Mag No. of Obs. o-C 
+010062....... 12.738 5 —oMor 
12.755 2 + .o1 
ee 12.643 19 + .13 
12.111 10 + .02 
11.875 It + .08 
11.614 II .00 
11.398 II + .o1 
11.161 10 + 
10.842 10 — .09 
10.748 9 — .02 
10.560 10 .00 
re 10. 303 9 + .08 
eee 10.153 7 + .08 
10.078 9 + .08 
9.899 10 + .02 
9.620 9 — .14 
9.680 8 — .03 
9.569 12 .0§ 
9.506 12 — .05 
+ .2684....... 9.552 9 + .08 
9.544 9 — .02 
9.740 10 .00 
9.752 9 — .07 
10. 302 It + .04 
ee 10.427 12 + .06 
10.650 II — 
10.945 12 .00 
11.271 II + .04 
11.580 12 + .04 
11.875 II + .o1 
12.278 12 + .11 
12.720 6 — .03 
Ot74.....'.: 12.738 5 — .O1 
12.774 5 +0.02 
9.46 6 +0.03 
9.31 5 — .12 
9.30 3 — .13 
9.45 6 + 
9.37 5 — .06 
9.35 5 — .08 
9.48 7 +0.05 


into thirty-seven normals, which are given in Table II. Constant 
minimum light determined from twenty-three observations was 
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found to be 12.743, and constant maximum light from thirty-nine 
observations to be 9.377, or 9.405 if two very discordant observa- 
tions were rejected. The visual light-curve, given by Professor 
Russell," was then readjusted to the photographic relation between — 
the relative brightness of the two stars by multiplying the visual 
loss of intensity from maximum light (1—/) by 1.0417. This 
curve was then applied to the photographic normals and was found 
to be too high throughout the whole upper part of the curve. As 
maximum light was determined from so few observations in com- 
parison with the large number of observations on the upper part 
of the curve, all of which had positive residuals, it seemed best to 
take the latter into consideration, and maximum light was there- 
fore assumed to be 9.43, and minimum light 12.75. This shows a 
range of light of 332 or a loss of light of 0.9530, while the visual 
depth is only 2“70, the range being from 9.40 to 12.10, or a loss of 
light of o.9168 of the whole. 

The computed curve being readjusted to this new relation by 
changing the factor from 1.0417 to 1.0395, the light-curve given 
in Table III was adopted as satisfactory as regards the range of 


TABLE III 

: t Visual Mag.| Visual Am | Visual 1—/ | Photo. 1—/ | Photo. Am |Photo. Mag. 
12.10 2.70 0.9168 0.9530 3.32 12.75 
12.01 2.61 .9096 -9455 3.16 12.59 
11.86 2.46 .8962 .9316 2.91 12.34 
11.68 2.28 .8775 .Q122 2.64 12.07 
II.50 2.10 .8555 . 8893 2.39 11.82 
11.09 1.69 . 7891 .8203 1.86 I1.29 
10.77 1.37 . 7169 -7452 1.48 10.91 
10.33 0.93 5754 . 5981 ©.99 10.42 
« « 10.10 ©.70 .4752 .4940 0.74 10.17 
9.94 0.54 3919 .4074 0.57 10.00 
9.78 0.38 2953 . 3070 ©.40 9.83 
9.64 0.24 .1983 2061 0.25 9.68 
See 9.54 0.14 .1210 .1253 0.15 9.58 
9.48 0.08 .O710 .0738 0.08 9.51 
9.40 ©.00 ©.0000 ©.0000 ©.00 9.43 

In this table Am denotes the difference in stellar itude between the brightness of the star 


t any given moment and at full light, and 1—/ the loss of light at this moment, in terms of the whole 
light of the system as a unit. 


variation and form of the curve. A least-square solution for the 
magnitude at maximum and the epoch of minimum was then made, 


* Astrophysical Journal, 36, 134, 1912. ~ 
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the conditional equations being of the form x+sy=n, where s is 
the slope of curve at the phase of a given normal, m the residual 
O—C for this normal from the provisional curve, x a correction to 
the assumed magnitude at maximum, and y a correction to the 
assumed epoch of mid-eclipse. In the present case, x and m were 
expressed in hundredths of a magnitude, and y in thousandths of 
a day, so that s=1 corresponded to a rate of variation of a magni- 
tude in of10. 

The values derived from thirty-two conditional equations 
were x= +0™0169+0™0077 and y= —o400016+0.00046, that is, 
the epoch of minimum derived from the photographs is earlier by 
©.23+0.66 minutes than that given by the formula previously 
adopted. 

The probable error of one normal magnitude was +o™“o43. As 
the average number of observations combined into a normal was 
9.5, this corresponds to a probable error of +o™“132 for a single 
photographic observation. 

A least-square solution was not made for the visual observations 
on account of the uncertainty concerning the nature of the variable 
term in the expression for the period; but the value found above— 
according to which the visual minimum comes 040027, or. 3.9 
minutes, earlier than indicated by the formula—must be very near 
the truth. The photographic minimum therefore comes 3™7 later 
than the visual—a difference decidedly too great to be explained 
by any uncertainty in the variable correction aforesaid. 


2. U SAGITTAE (19"14™4,+19 26’) 


Five hundred and eighty photographic observations of U Sagit- 
tae were available, twenty of which were eventually rejected because 
marked uncertain by the observers, and nine on account of large 
and unexplained discordances. These observations were made 
twice on the majority of plates, first by Miss Locke and then by 
Miss Leavitt, at Cambridge. The instruments used were the 1-inch 
Cooke Anastigmat in Cambridge, the 1-inch Cooke in Arequipa, and 
the o. 5-inch Ross-Zeiss in Cambridge. The exposures were usually 
60 minutes. Some plates with the 1-inch Cooke were taken with 
several successive exposures, usually of ten minutes each, but some- 
times of 30 minutes. Owing to these long exposures, the brightness 
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recorded on the photograph, when the star is varying rapidly, will 
not be exactly that corresponding to the moment of mid-exposure. 
The necessary correction can easily be determined from a provisional 
light-curve, if it is assumed that the photographic action is pro- 
portional to the intensity of the star’s light, and is simply the differ- 
ence between the mean of the intensity during the exposure and the 


—of30 —0.20 —0o.10 ©.00 +o0.10 +o0.20 


Ph. 
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7-5 


—48.5 


—19-5 
Ph. 
640 |}— 2 2 
6.50 | | | | | | | 
046 1.0 1.4 1.8 2.2 2.6 3.0 
U Sagittae 


Upper curve, visual; two lower curves, photographic 
Fic. 2 


intensity at the middle of exposure. This correction is greatest 
when half the exposure falls in the constant phase at minimum and 
half in the rapid increase or decrease, and may amount to o™21 for 
a one-hour exposure or oMos for a half-hour exposure, but is usually 
insensible. The long exposures in this case nearly all occur during 
constant maximum light, so that corrections for long exposure were 
applied in only 20 cases, and many of these are for half-hour 
exposures and therefore are small. 
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Phases were first computed with Graff’s' elements: minimum = 
2,417,130.4133+3.380,604 E. Wendell’s 92 early and 36 later 
observations were reduced with these elements. On plotting the . 
photographic times of minimum, it was quite evident that the period 
needed revision, and, taking into consideration Wendell’s, Graff’s, 
Maggini’s,? and the Harvard photographic observations, we find 
that the best period seemed to be 34380621, with no definite indi- 
cation of a variable period. 

Forty-five normals were then formed from the 202 observations 
during eclipse, with phases corrected to this new period and magni- 
tudes corrected for length of exposure. Wendell’s visual observa- 
tions were also collected into 32 normal groups. Tables IV and V 


TABLE IV 
NorMAL MAGNITUDES oF U SAGITTAE—HARVARD PHOTOGRAPHS 
Phase Mag. | o-c Phase Mag. | o-c 
+ofo109..| 9.793 7 +oMo4 —012830..| 6.470 2 +oMor1 
.0190..| 9.860 3 + .11 .2550..| 6.480 3 — .04 
.O510..] 9.158 4 .00 .2378..| 6.563 3 .00 
.0728..| 8.248 5 — .05 .2270..| 6.562 5 — .04 
.0817..| 8.033 3 .00 .2087..| 6.730 3 + .10 
.0927..| 7.809 7 .00 .1900..| 7.000 2 + .20 
.1020..] 7.590 4 — .o8 -1777..| 6.980 3 + .11 
-1128..| 7.460 5 — .06 .1677..| 6.928 4 — .02 
.4338..], ‘7.590 4 + .13 .1540..| 7.060 5 + .04 
.1312..] 7.290 4 .00 .1385..| 7.268 6 + .08 
.1407..| 7.200 3 + .05 .3377..| 7.3900 9 — .o1 
.1535..| 7.005 2 — -1170..| 7.467 6 .00 
.1643..| 6.847 3 — .10 -1054..| 7.526 5 — .09 
-1795..| 6.740 2 — .10 .0960..| 7.712 6 — .03 
.2067..| 6.617 3 — .06 .0883..| 7.8390 10 — .0§ 
.2320..| 6.500 3 — .0781..| 8.108 8 — 
.2390..| 6.500 2 — .05 .0690..| 8.380 II — .04 
.2518..| 6.512 4 .00 .0566..| 8.748 5 — .12 
.2698..| 6.500 4 + .04 .0502 9.160 6 — .Or 
.2805..| 6.470 4 .00 .0348 9.610 5 — .14 
-3137..| 6.447 3 + .03 .0230 9.792 4 + .04 
+ .3212..| 6.485 4 — .06 —0.0017 9.756 7 +0.01 
—0.3087..| 6.480 3 +0.06 


give these normals, with a correction of +04007 already applied 
to the photographic phases, and +o4or10 to the visual. This cor- 
rection is explained below. Intensity-curves were drawn, and the 
* Mitteilungen der Hamburger Sternwarte, Nr. 11 (1907). 

2 Astronomische Nachrichter , 200, 54, 1914. 
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best possible adjustment was made between the visual and photo- 
graphic curves. 

The visual duration of total eclipse appeared to be a little longer 
than the photographic, but as this seems to be physically incredible, 
a compromise was made, such geometric elements of the eclipse 
being used that the two light-curves were represented as well as 
could be done with elements identical in the two cases (except for the 
assumed brightness of the components). This solution assumes 
the stars to be uniformly luminous disks, and the eclipse central. 
The solution was made in the usual manner, Table IV being used 


TABLE V 
NorMAL MAGNITUDES OF U SAGITTAE—WENDELL 
Phase Mag. | Noof | o-c Phase Mag. | Noof | o-c 
+o10059..| 9.192 5 +oMor +012353..} 6.573 3 +oMo3 
.0208..| 9.173 6 — .Oor .2548..| 6.500 4 .00 
.0330..| 9.180 3 .00 — .2975..| 6.480 2 + .05 
.0400..} 9.180 2 + .04 .2463..| 6.610 + 
.0488..| 8.970 4 + .03 .2147..| 6.697 3 + .09 
.0550..| 8.730° 3 .00 .1863..| 6.803 3 + .04 
.0617..| 8.433 3 — .05 -1670..| 6.920 4 .00 
.0710..| 8.140 2 — .02 .1460..| 7.057 — .03 
.0800..| 7.953 3 .00 .1270..| 7.270 4 — .o1 
-0902..| 7.733 3 — .02 -1075..| 7.480 2 — .OI 
-1095..| 7.487 4 + .or .0800..} 7.958 4 + .o1 
.1333..| 7-168 3 — .05 .0605..| 8.560 5 + .05 
.1533..| 7.040 3 + .o1 .0480..| 8.958 4 + .03 
.1798..| 6.825 4 .00 .O410..| 9.140 4 + .o1 
.1987..| 6.677 3 — .03 .0255 9.190 4 + .o1 
+0.2182..| 6.620 4 +0.02 —0.0108 9.212 4 +0.03 


(Astrophysical Journal, 36, 252, 1912). From this solution we find 
the elements given in Table XVIII (p. 340). 

The difference between the visual and photographic relative 
brightness of the two components was adjusted as for W Delphini; 
in this case the visual (1—/) was multiplied by the constant factor, 
1.0356. The visual range of light is from maximum 6.43 to mini- 
mum 9.18, giving a depth of 2“75 or a loss of light of 0.9206. The 
photographic range is from maximum 6.42 to minimum 9.75, giving 
a depth of 3"33 or a loss of light of 0.9534. 

The light-curve thus derived was applied both to the visual and 
to the photographic normal observations. It was found necessary 
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to add oforo to the visual phases, or, in other words, the epoch of 
minimum assumed was ofor1o too late. In the same way the 
assumed epoch of minimum for the photographic observations was 
found to be 04007 too late. Least-square solutions were made to 
find more exactly the correction as described in the case of 
W Delphini. For the visual curve x=+o™or11+0™oo47 and 
y= —040006 + 0400026; that is, the minimum comes 040006 earlier 
than the epoch, as already corrected. The solution of the photo- 
graphic observations gives x= and y=+0400044 
+o4o0040, or the photographic minimum is o400044 later than 
the adopted time. Combining the two corrections each, for visual 
and photographic, we find that the visual minimum comes 040106 
early and the photographic 040066 early, hence the photographic 
minimum comes 0400400400047, or 5.80.7 minutes later than 
the visual minimum. The probable error of one visual observation, 
as deduced from this solution, was +o“o24, and that of a photo- 
graphic normal of unit weight depending on the average of 3.4 
observations was +o™“o44, corresponding to +o™og1 for a single 
plate. There seems to be no doubt that the difference, given above, 
between the visual and photographic minima, whatever its origin, 
is real. 
The 349 observations falling outside the limits oi the principal 
eclipse were collected into 14 normals, as shown in Table VI. These 


TABLE VI 
PHOTOGRAPHIC MAGNITUDES OF U SaGITTAE, OUTSIDE MINIMUM 
Obs. Phase Mag. | Comp. O-C Obs. Phase Mag. Comp. | O-—C 
eee 01440 | 6.416 | 6.413 |+0M003) 22....| 19790 | 6.439 | 6.451 |—oMorg 
eee 0.647 | 6.405 | 6.411 |— .006)| 23....| 1.956 | 6.426 | 6.432 |— .006 
ere ©.843 | 6.403 | 6.410 |— .007] 26....| 2.114 | 6.448 | 6.427 |4+ .o21 
“SSA 1.074 | 6.428 | 6.411 |+ .o17] 17....| 2.336 | 6.402 | 6.429 |— .027 
ee 1.265 | 6.403 | 6.413 |— .oTO! 33....| 2.548 | 6.430 | 6.430 .000 
ee 1.460 | 6.418 | 6.416 |+ .002) 26....| 2.740 | 6.426 | 6.429 |— .002 
1.635 | 6.441 | 6.442 30....| 2.953 | 6.435 | 6.423 |+0.008 


indicate that the light between eclipses is very nearly constant. 
The effects of ellipsoidal form of the stars and of the illumination 
of the side of the secondary which faces the primary are quite 
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insensible—which is not surprising, as the components are relatively 
widely separated. 

The observations during the secondary minimum, which, accord- 
ing to Miss Fowler’s spectrographic elements‘ should come at phase — 
12744, lie perceptibly below the mean of the others and are in 
entire accord with the theoretical depth of oMo31 for uniform star- 
disks. 

There appears, however, to be definite evidence that the star 
is brighter in the interval between the primary and secondary 
minima than in the other half of the period, as was found by Dugan? 
from his visual observations of RV Ophiuchi. The explanation 
suggested by Dugan—that the principal component is a little 
brighter on the preceding than on the following face—appears to 
be necessary here also, since the periastron, as determined from the 
spectrographic observations, falls in the half of the period when the 
star is fainter than in the other. 

The expression for the magnitude which has finally been adopted 
is 6“420—o™oro sin @ plus the effects of eclipse, @ being the longi- 
tude in the orbit, measured from the principal eclipse. The 
computed magnitudes and residuals are given in Table VI. The 
probable error of one normal place comes out +o™“oo86, which, since 
the average number of observations combined into a normal is 25, 
corresponds to a probable error of +o™“o43 for a single photograph. 
This remarkably small value is confirmed by a study of the residuals 
of the individual observations, as will be shown later. 


3. S CANCRI (8'38™2, +19°23/6) 


S Cancri was handled in much the same way as the stars just 
discussed. Phases for the 365 observations, of which 20 were after- 
ward rejected for large and unexplained discordances, were com- 
puted by the light-elements given by Shapley in Contributions from 
Princeton University Observatory, No. 3. These are 2403210.6053 
+9.4845485 E, which are the same as given by Wendell,’ except 
that the epoch of minimum here adopted is 0402 later. This period 


* Publications of the Allegheny Observatory, 3, 11, 1912. 
2 Astrophysical Journal, 43, 142, 1916. 3 Harvard Annals, 69. 
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was adopted as definitive, and, as the exposures were all short, no 
correction to the magnitudes was necessary. 

Maximum constant light from 35 observations is 8.06 and con- 
stant minimum light from 37 observations, 10.86, giving a range 
of 2“8o, or a loss of light of 0.924 of the maximum intensity. In 
the visual curve as found by Shapley we have a range from 7.98 
to 10.10, or 212, meaning a loss of light of 0.858. 

The observations during eclipse were grouped into 43 normals 
and are given in Table VII. It was found that Shapley’s curve, if 
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merely altered to correspond to the photographic difference of mag- 
nitude of the two stars, did not satisfactorily represent the observa- 
tions, but that a good agreement could be obtained by supposing 
that, while the disks appeared uniformly bright visually, they were 
darkened toward the limb for the photographically active wave- 
lengths, so that the limb was half as bright as the center. The 
transformation of the curve was made with great ease and rapidity 
by means of Table VI, Astrophysical Journal, 36, 403, 1912, in 
which values of X(k, a) are given, and the correction applied to the 
loss of light is, in this case, }(1—/)X(k, a). In the present case k 
is 0.370. The light-curve, thus altered, proved a perfectly satis- 
factory fit to the photographic observations, so no new solution 
was necessary. It was necessary, however, to make the time of 
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minimum for the photograph o‘oro later. A least-square solution, 
similar to those made for W Delphini and U Sagittae, was made with 
the following result: x= y= —o40015+ 040008. 
The two corrections being combined, the photographic minimum. 
was found to be 040085 + 040008, i.e., 12.2 minutes later than the 


TABLE VII 
NorMAL MAGNITUDES OF S CANCRI—HARVARD PHOTOGRAFHS 

Phase Mag. | Noof | o-c Phase Mag. | Noll o-c 
+010036..} 10.87 5 +oMo1 —of4go31..| 8.16 5 +oM10 
.0163..| 10.84 3 — .02 . 3862... 8.21 6 + .15 
.0382..| 10.89 6 + .03 .3620.. 8.12 4 + .03 
.0654..| 10.81 5 — .05 .3418.. 8.24 6 + .09 
.0837..| 10.80 4 — .03 3245.. 8.17 8 — .02 
.0979..| 10.68 8 + .02 3049. . 8.22 9 — .05 
-1194..| 10.41 7 + .06 2844... 8.33 8 — .10 
-1409..| 9.97 7 — .05 . 2666. . 8.53 7 
. 9.79 3 = 2431.. 8.73 5 
.1658.. 9.58 8 — .02 2250.. 9.03 10 + .12 
.1825..| 9.490 8 + .08 .2093..| 9.13 8 + .04 
-2041..| 9.23 9 + .05 .1996..| 9.26 7 + .08 
.2256..| 8.86 5 — .04 .1867..| 9.41 8 + .05 
. 2397. . 8.71 6 — .08 1781.. 9.42 II — .03 
2507. 8.42 II — .18 1588. . 9.68 9 — .06 
.2808..| 8.31 12 — .12 1450..| 9.98 6 + .03 
3036. . 8.25 Io — .05 1242 10.37 3 + .09 
.3216.. 8.21 13 .00 I0OI4..| 10.62 7 + .o1 
.3415.. 8.09 13 — .05 .0841..| 10.87 5 + .06 
II .00 .0612..| 10.90 5 + .04 
+0. 3803.. 8.11 7 +0.05 .0402..} 10.86 6 
—0.0179..| 10.84 7 —0.02 
©.419...| 8.06 6 0.00 8.05 5 —0.01 
0.447... 8.12 6 +0.06 8.06 5 ©.00 
2 +0.09 9.061... 8.04 5 —0.02 

8.03 6 —0.03 


assumed minimum. AA similar solution was also made for the visual 
curve as given by Shapley, with the result: «= —oM“oo2+ooo3, 
and y=-+0%00004+0400041, meaning that the visual minimum 
comes later than the assumed minimum by 0.10.6 minutes. The 
photographic minimum therefore comes 12.1+1.3 minutes later 
than the visual. The probable error of one visual observation of 
unit weight is +o“o21; that of a photographic normal, depending, 
on the average, on 8.1 observations, is +o™“o4s5, and the corre- 
sponding probable error for a single photograph is +o™128. 
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4. W URSAE MAJORIS (9°36™7, -+56°25’) 

Miss Leavitt remarks: ‘‘On account of the brightness of this 
variable and the distance of the comparison stars used, the only 
plates on which it can usually be well observed are those taken with 
the o.5-inch Ross-Zeiss and Voigtlander lenses.” As exposures 


with the o.5-inch telescopes are usually an hour in length, as in © 


the case of U Sagittae, the recorded magnitudes do not represent the 
true brightness of the variable at the middle of the exposure. The 
mean length of exposure of all the observations was found to be 
65.27 minutes. The visual light-curve given in Astrophysical 
Journal, 36, 141, 1912, was smoothed out to allow for this mean 
exposure by interpolating the magnitudes to 5-minute intervals and 
taking means of these over intervals of 65 minutes, including as 
middle the specified time. It was then found that the photographic 
observations indicated a slightly greater range than this modified 
visual curve, the difference being oMo64. The changes in the cor- 
rection for the length of exposure on account of this fact amounted 
at most to only o“oo4, but have been applied. The corrections 
given in Table VIII were thus determined and applied eventually 
to the light-curve. 


TABLE VIII 
Phase Correction Phase Correction 
010834...... —oMo2 040313...... —oMo4 
— .02 — .03 
— .02 + .07 
— ©.@000...... + .13 
— .o1 


Phases for the 367 observations were first computed with 
Baldwin’s elements,’ which are 2,416,129.1926+0. 33364044 E. 
All the observations were divided into four groups, and times of 
minima were determined for each separately. As there seemed to 
be a systematic divergence from the assumed period, a careful inves- 
tigation of all available observations was made, the results of which 


* Monthly Notices, 69, 86, 1908—doubling the period there given, as there are two 
minima in each orbital revolution. 
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appear in Table IX. These corrections to Baldwin’s time of mini- 
mum were found, when plotted (with the exception of all of Miiller 
and Kempf’s observations), to lie nearly within their probable 
errors upon a straight line whose equation gives the correction of 
+0%0092—o0400000142 E to Baldwin’s elements as adopted in 
computing preliminary phases. This correction gives as final ele- 
ments 2,416,129. 2018-+0. 33363902 E. Miiller and Kempf’s obser- 
vations were found to lie on a line parallel to the line going through 
all the other observations, but at a distance of about—o4006. The 
epochs of minimum assigned to Miiller and Kempf have all been 
corrected by +2™ to allow for the difference between the form of 


8.6 


ot00 0.06 0.12 0.18 0.24 ©.30 ©. 36 
W Ursae Majoris—Photographic 
Fic. 4 


the light-curves assumed by these observers and in this paper (see 
Astrophysical Journal, 36, 140, 1912). No explanation has been 
found for this remarkable systematic difference between their results 
and those of other observers, but it is evident that their observa- 
tions, taken alone, are satisfied by the finally assumed period, 
though the actual epoch would have to be taken about 8 minutes 
earlier. 

Phases were then corrected to this period, and normals were 
formed for each of the four groups separately. The observed 
normals were plotted, corrected for the influence of the length of 
exposure, and the resulting true photographic light-curve compared 
with the visual curve. 

It was found that the portion of the variation due to eclipse was 
sensibly identical in the two cases, but that the variation outside 
eclipse, arising from the ellipticity of the stars, was greater photo- 


ECLIPSING VARIABLES 321 


graphically than visually. This can be accounted for by assuming 
that the star-disks appear to be darkened toward the limb to a 
greater degree in the former case than in the latter; for, if an 
ellipsoidal star whose eccentricity of the meridian section is ¢ 


TABLE IX 
Minma oF W UrRSAE Majoris 
Authority Method picat, |Correction to Baldwin] O-—C 
Parkhurst and Jordan*| Photographic......... 3,200 |+ .004 — .0o1 
Photographic......... 3,690 |+ .00330.0012|— .0007 
Photographic (orange).| 4,500 |+ .0o2 — .oo1 
Photographic (ultra- 
4,500 |+ .003 .000 

Photometric.......... 5,475 |+ .0020% .0004/+ .0004 
Rr Photographic......... 7,900 |— .004 — .003 
Photographic......... 8,000 |— 1.0012 .0008/+ .oco10 
Photometric.......... 9,286 |— .003 .000 
Photographic......... 12,300 |— .0086% .oo11/— .0003 
Miiller and Kempf§..| Photometric.......... © |+ .0034 .0007/— .0058 
Miiller and Kempf....| Photometric.......... I1r |+ .004 — .005 
Miiller and Kempf....| Photometric.......... 300 |+ .002 — .007 
Miiller and Kempf**..| Photometric.......... 1,184 |+ .oor — .006 
Miiller and Kempf....| Photometric.......... 2,200 |— .000 — .006 
Miiller and Kempf....| Photomertic.......... 3,864 |—0.003 —0.007 

* Astrophysical Journal, 23, 82, 1906. || Astronomische Nachrichten, 190, 95, 190r-. 

t Pulkova Mittheilungen, 2, 21, 1908. Astrophysical Journal, 07, 231, 1903. 

t Monthly Notices, 69, 78-90, 1908. ** Monthly Notices, 69, 86, 1908. 


§ Rivista di Astronomia, July, 1910. 


revolves so that its equatorial plane is inclined to an angle 1, the 
variations of light due to its differing presentation are given by the 
equation 

sin? « cos? 4) 


if it appears as a uniform disk, but by 
sin? cos* 4] 


if the disk appears darkened toward the limb, and the range is 
greater in the second case (see Astrophysical Journal, 36, 400, 
1912). 

In the present case it was found that the photographic light- 
curve outside eclipse could be excellently represented by the geomet- 
ric elements derived from the visual observations, if the computed 
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light was taken halfway between the values obtained on the 
assumption of uniform disks and complete darkening—that is, if 
photographically the disks appear 50 per cent as bright at the limb 
as atthe center. The changes in the variation due to eclipse result- _ 
ing from this hypothesis were computed by Table VI, Astrophysical 
Journal, 36, 142, 1912, as described in the case of S Cancri—the 
correction nowhere exceeding oMorr." 

Solutions were made from each of the four groups of photo- 
graphic observations, for magnitudes at maximum, and the correc- 
tion to Baldwin’s elements for the time of minimum, using the mean 
light-curve. The resulting times of minima are given in Table IX. 
The corrections to the assumed magnitude at maximum (7.912) 
came out —0.030+0.010, +0.012+0.004, +0.005+0.005, and 
+0.020+0.007, respectively, for the four series, while the probable 
errors of a single observation came out +o“o82, =o™“ogo, +oMo53, 
and +o“o68. The small residuals found for the magnitude at 
maximum indicate that the star is not subject to sensible secular 
variations of brightness, and that the gradation and color- 
sensitiveness of the plates have been remarkably uniform from 
year to year. 

In forming the final normals two observations with residuals 
exceeding o“40 were rejected, and the remaining 364 combined into 
34 groups. ‘The resulting normal magnitudes and phases are given 
in Table X, together with the number of observations combined 
into each normal, and the residuals from the final curve, which is 
derived from the theoretical curve for eclipses of stars partially 
darkened toward the limb, described above, by applying the cor- 
rections for the length of exposure given in Table VIII, with 
reversed sign, and hence represents the variation as it should be 
observed for exposure of 65 minutes’ duration. 

If these residuals are given weights proportional to the number 
of observations, the probable error of a single observation is found 


t What the difference in the visual and photographic curves indicates is really 
that the degree of darkening toward the limb is greater in the latter case by 50 per 
cent of its maximum possible amount. Light-curves sensibly identical with those here 
given could be obtained, with slightly different geometrical elements, by the assump- 
tion that the loss of light at the limb was x per cent visually and (x+50) per cent 
photographically, where x may have any value from o to 50. 
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to be +o™“o66, from the first powers of the residuals, or +o“o7o 
from their squares—a very satisfactory showing. 


TABLE X 
W UrsaE Majoris—FINAL NORMALS 

Phase Obs. Mag. o-C 
15 8.418 —oMo37 
17 8.376 — .002 
II 8.246 — .032 
10 8.157 . 000 
15 8.017 — .057 
15 8.015 .©00 
II 7.968 — 
13 7.942 + .003 
Ir 7.936 + .004 
“eee 14 7-993 + .048 
ee 9 7.907 — .033 
Ree 6 8.022 — .056 
5 8.190 + .o12 
7 8.400 + .088 
5 8.414 + .031 
Sa 6 8.408 — .057 
7 8.464 + .033 
5 8.400 + .050 
2 8.250 . 000 
6 8.117 — .024 
See 3 8.000 — .058 
5 7.980 — 
17 7.993 + .o41 
2048 20 7.925 — .013 
15 7.923 — .909 
7 7.950 + .005 
ee 7 8.043 + .053 
16 8.031 — 
13 8.192 — .040 
II 8.323 — .014 
10 8.420 + .021 
12 8.417 —0.041 


5. RW TAURI (357™45*, +27°51’[1900]) 
Material for the light-curve was obtained from the visual obser- 
vations of Wendell,’ and of Shapley,? and from the Harvard photo- 
graphic observations, as previously described. Wendell’s observa- 
tions gave a well-defined curve; and, as Shapley did not have these 
at his disposal when determining his elements, a new light-curve 
* Harvard Annals, 69, 147, 1914. 
2 Contributions from the Princeton Observatory, No. 3, p. 136, 1915. 
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and corresponding set of elements were computed by combining 
Shapley’s visual observations published in the volume just men- 
tioned—taking the magnitude of his comparison star as 8.88, 
Wendell’s observations—using Shapley’s period, slightly lengthened © 
to 24768,903 and his epoch 2,417,198.4094, which is 04129 earlier 
than that of Wendell. 

Two of Wendell’s observations were rejected, as it was evident 
some error had been made. From 38 observations by Wendell and 
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7 by Shapley the maximum was determined as 8.07; and from 14 
by Wendell and 6 by Shapley the constant light at minimum was 
found to be 11.54, making the range 347. In solving for the 
elements on the assumption of uniformly luminous star-disks it was 
found that the assumption of a central total eclipse led to the ele- 
ments given in Table XVIII, and an excellent representation of the 
observations, as shown in Table XI. 

The period derived from the visual observations represents the 
photographic data from 1899 to 1915 in a very satisfactory manner; 
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but a few observations in earlier years show large discrepancies. 
The observed minima came earlier than those computed by o407 
in 1891 (J.D. 1782), and by about o%10 in 1888 (J.D. 0954) and 
o714 in 1886 (J.D. 9913), the last two photographs being taken 
during totality, so that the exact correction is uncertain. 


TABLE XI 
RW Tavuri—VIsvuaL NoRMALS 
Phase Mag. Obs. Oo-C Phase Mag. Obs. o-C 
—oli6o01..| 8.162 8 —oMo38 || +ofor152..| 11.538 6 —oMoo2 
.1370..| 8.334 7 — .026 .0354..| 10.864 5 — .066 
.1131..| 8.589 7 — .oo1 .0452..| 10.290 5 + .110 
.0971..| 8.811 7 + .o11 .0523..| 9.971 6 + .106 
.O811..| 9.100 7 + .o10 .0584..| 9.657 7 .000 
.0666..| 9.456 7 — .o14 .0700..| 9.380 8 + 
.0530..| 9.862 6 + .022 .0850..} 9.013 7 + .013 
.0434..| 10.267 6 — .048 -Io12..| 8.682 5 — .058 
.0362..| 10.912 5 + .o12 .1233..| 8.433 7 — .042 
.O194..| I1.541 8 + .oo1 .1488..| 8.330 6 + .055 
©.0023..| I1.540 6 ©.000 0.1818..| 8.110 5 +0.010 


These observations can be represented by the assumption that 
the period previous to 1895 was about ro seconds shorter than sub- 
sequent to that year; but the data are too scanty to determine the 
true nature of the change in period, although its reality seems to be 
unquestionable. These early observations were omitted from the 
further discussion. 

The remaining observations were plotted, and it was found that 
many of those made while the star was changing rapidly gave values 
of its light which were obviously half a magnitude or more too 
bright. This was soon recognized as the effect of the length of 
exposure. The star at certain times varied by two or even three 
magnitudes during the longer exposures, and the corrections on this 
account are of unusual magnitude. 

It being assumed, as usual, that the photographic action was 
proportional to the intensity of the light, it was found that, outside 
the constant phase of minimum, the curve giving the intensity as 
a function of the time was nearly linear, so that the intensity at 
mid-exposure was substantially equal to the mean value during the 

‘whole time of exposure, and no correction was necessary. But 


| | | 
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when part of the exposure fell during the constant phase, the results 
are very different. From a provisional curve based on the plates 
with short exposure, the intensity at g“50 being taken as 1000, it 
was found that the actual intensity was 100 from phase 04000 to 
04028 and beyond this point was represented closely enough, though 
not exactly, by the formula 


I=100+25.6(¢—31) (1) 


where ¢ is measured in thousandths of a day from mid-eclipse. 
Hence, for an exposure extending from ¢, to ¢,, where #, is less 
and #, greater than 31, the mean intensity is easily found to be 


12.8(t,—31) 


M= 100+ 


(2) 
For observations on the descending branch #,+ 31 takes the place 
of t,—31. If J, is the value of J at the middle of the exposure, as 
given by formula (1), Jo being 100 if $(¢,+¢,) is numericaliy less 


- than 31, then the difference in stellar magnitude corresponding to 


the ratio M/I, is evidently the correction desired. This should 
always be added to the observed magnitude to obtain the magnitude 
which would have been found from a short exposure. 

The computation of these corrections is summarized in Table 
XII, which needs no further explanation except to say that the 
first column contains the serial number of the observation concerned 
in the detailed list (to be published in the Harvard Annals) to 
facilitate its identification there. 

The observed magnitudes, so corrected, were combined into 
normals; 7 observations which made the star more than half a 
magnitude brighter or fainter than was indicated by the mean 
curve were rejected. 

It was found that a very satisfactory representation of the 
photographic observations could be obtained by using the geo- 
metrical elements derived from the visual solution, but by taking 
the photographic magnitudes as 8.09 at maximum (derived from 
31 observations outside the eclipse) and 12.00 at minimum (from 
12 observations) and displacing the curve in time so that the middle 
of eclipse came 040025 earlier photographically than visually. 


| 

i 
| 

| 
| 
| 
| 
| 
| 
| 
| 
} 


ECLIPSING VARIABLES 327 


These normals and the residuals (O—C) from the curve are 
given in Table XIII. The representation is quite as satisfactory 


TABLE XII 
No. or be M I. Correction! Obs. Mag. | Corr. Mag. 
—0.029 —52 223 100 oM87 10.45 11.32 
Pigedtdena 046 +95 642 484 ©.31 10.58 10.89 
— .o18 —40 124 100 0.23 11.65 11.88 
+ .032 +69 350 126 10.55 11.66 
Pee — .034 —49 238 177 0.32 10.95 11.27 
+ .o10 +33 100 0.01 11.85 11.86 
+ .o14 +47 150 100 ©.44 11.55 11.99 
— .020 —43 140 100 0.37 10.95 II. 32 
aie oe shake + .029 +57 255 100 1.04 11.57 12.61 
+ .028 +52 218 100 0.85 19.90 II.75 
Sere — .038 —59 339 280 0.20 10.40 10.60 
+ .043 +71 406 408 0.14 10.11 10.25 
— .050 —72 590 587 0.01 9.95 9.96 
ye + .024 +45 160 100 0.51 11.65 12.16 
+ .041 +62 393 356 10.50 10.61 
— .O51 —73 613 612 9.75 |° 
eae + .042 +61 404 382 0.06 10.45 10.51 
—0.035 —42 209 202 0.04 II .05 II.09 
TABLE XIII 


RW Tavuri—PxHotToGRapHic NORMALS 


Phase Obs Mag. Oo-C Phase Obs Mag. o-C 
4 8.07 | —0.05 —otors 3 ‘12.09 | +0.09 
4 8.46 | + .1I0 + .008 3 11.89 — 
‘oi... 4 8.54 | + .04 .022 3 11.97 | — .03 
.109.. 5 8.71 + .03 .032 2 11.61 + .02 
.096.. 6 8.90 + .04 .O41 4 10.56 — .03 
.088.. 6 9.10 | + .10 .O51 2 9.90 | — .I0 
.072.. 5 9.32 | — .o1 .070, 3 9.24 | — .I5 
.065.. 3 9.42 — .089.. 4 8.97 — .o1 
O63... 6 9.71 — .21 .108.. 5 8.67 — .02 
.045.. 2 10.42 | + .12 .226.. 3 8.52 | + .03 
.038.. 2 10.75 —, .03 .163 3 8.25 | + .05 
—0.034.. 2 11.18 | —0.12 +0.199... I 8.00 | —0.09 
0.56. 6 8.08 | —o.o1 1.80.. 5 8.01 —o.08 
1.05. 5 8.09 .00 2.18.. 5 8.15 + .06 
1.36. 4 8.04 —0.05 2.46.. 6 8.13 | +0.04 


as could possibly be expected under the circumstances, the probable 
error of a single observation, as derived from the weighted sum of 
the square of the residuals, being o“111. The 31 observations 
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outside eclipse yield a smaller probable error, +o“o76, so that the 
“brute mean”’ probable error for all the 116 observations of this 
star is +oMogo. 

In addition to these plates, 13 others showed no image of the 
star, proving it to be fainter than specified limiting magnitudes. 
In all cases the computed magnitude was well below the limit. 

The photographic range of this star, 391, is the greatest range 
so far observed in any eclipsing variable. 


6. SW CYGNI (20%03™50°, +46°0!5 [1900]) 


The material for the study of this star consists of 192 visual 
observations by Wendell,t and of 286 estimates from Harvard 
photographs. 

The elements derived from the visual observations were 
2,411,343.630+4.572908 E, the period being the same as that 
adopted by Graff and Shapley,? but the epoch o%029 later than 
Shapley’s. 

The visual observations (with the exception of five which 
showed large discordances) were plotted with Shapley’s theoretical 
“uniform’”’ curve, which proved to be an excellent fit, as is shown 
by the residuals given in Table XIV. The maximum is 9.06 and 
minimum 11.72. A least-square solution gave a correction to the 
assumed epoch of minimum of —o4%0040+ 040004, which has been 
applied to the phases given in Table XIV. 

The photographic material consists of 220 observations down to 
magnitude 12.5, from estimates made in 1903, reduced with magni- 
tudes of the comparison stars furnished by Miss Leavitt in 1916, 
and of 66 estimates of the fainter magnitudes made by Miss Leavitt 
in 1916. Only two observations of the former group had to be 
rejected for large discordances, exceeding one magnitude. The 
remainder were combined into 37 normals, as indicated in Table XV. 
The residuals there given are derived from a curve computed from 
the same geometrical elements as Shapley’s visual curve, but with 
the magnitude at maximum 9.29 and at minimum 12.85. The 
latter value was well determined by 79 observations during the 


* Harvard Annals, 69, 83, 161, 1892-1912. 
2 Astrophysical Journal, 36, 269, 1912. 
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total eclipse. As there were only six observations outside eclipse, 
the magnitude at this phase was determined mainly from the 
observations on the upper parts of the curve, where the eclipse is 
partial and small. 


—0.20 —0.10 0.00 +0.10 +0.20 +0.30° 

Visual Normals 


10.0 


12.0 


13.0 


SW Cygni 
Fic. 6 


The representation of the observations by the curve is less satis- 
factory than for the other stars, the residuals being large and posi- 
tive about of10 on each side of minimum, and large and negative 
about o414 on either side of the middle. Though a freehand curve 
would represent the observations much better than the curve here 
given, such a curve would have to cross the observed curve three 
times during the ascent or descent; and, since only three para- 
meters are available in fixing the shape of an eclipse curve, this 
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means that the freehand curve would be of a shape impossible to 
represent on the eclipse hypothesis. 


TABLE XIV 
SW Cycni—VisuaL NorMALS 
Phase Mag. Obs. o-C Phase Mag. Obs. o-C 
—of215 9.38 10 | +oMo8 +of009...}| 11.72 1o | —oMor 
178 9.65 It + .02 .056...| 11.60 — .13 
150 9.95 Io | + .05 82.27 | + .05 
133 10.18 10 oo * .106...| 10.69 II + .02 
120 10.40 10 | + .or 88g...) ‘38.87 II + .04 
102 10.74 9 — .02 .143...] 10.05 1o | + .or 
073 II.41 te) — .03 9.67 te) — 
044 11.72 10 — 9.38 10 .00 
—0.019 11.71 Io | —0.02 10 .00 
+0. 280... 9.09 5 0.00 
TABLE XV 
SW NoRMALS 

Phase Mag. Obs. o-C Phase Mag. Obs. O-C 
—of224...| 9.52 7 —oMor +o4049...| 12.73 9 —oMy2 
.198... 9.75 8 + .03 32.42 8 — .18 

9.94 8 + .04 7 — 
.158...| 10.10 7 — .03 .087...] 11.96 7 + .10 
-£34...] 30.39 7 — .096...] 23.70 8 + .22 
-119...| 10.74 9 — .0 -I0g...} 11.16 7 + .04 
.106.. 11.17 7 .00 10.978 6 + .04 
.096...] 11.63 8 + .15 7 — .06 
.078...| 12.04 9 — .10 -3a5...1 30.34 7 — .22 
.062.. 12.49 9 — .25 20.28 7 — 
.048.. 12.74 9 — 120.07 7 — .09 
.036.. 12.78 8 — .07 .166.. 10.03 8 — .O1 
.028.. 12.91 8 + .06 37s... 9.95 8 + .05 
.O21.. 12.81 8 — .04 190... Q. 7 + .10 
:On3.. 12.93 8 + .08 .199 9.78 7 + .07 

— .005.. 12.91 8 + .06 .221 9.66 7 + .12 
+0.003.. 12.90 7 + .05 . 243 9.48 7 + .06 
.O14...| 12.99 7 + .14 +0. 276 9.32 5 .00 
+0.034...| 12.90 +0.05 3-732 9.14 6 


The principal discordances, already mentioned, are such as 
would arise if the assumed magnitudes of the comparison stars were 
somewhat erroneous. Whether this be the true explanation or not, 
these discordances, since they are symmetrical on each side of the 
minimum, will have no sensible influence on the computed time of 
mid-eclipse. 


[_] 
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A least-square solution gave, as correction to the assumed epoch 
of minimum (1343.630), the value +040002+040008. The prob- 
able error of one normal place, depending, on the average, upon 
_ 7.5 Observations, comes out +o™“o72, which makes one probable 
error of a single observation +o“196. This is much greater than 
in any of the cases previously discussed—mainly on account of the 
systematic deviations already mentioned, but partly because the 
individual observations are in any case mutually discordant. 
The residuals from a freehand curve lead to a probable error of 
+o™130 for a single observation. 

From the visual and photographic solutions it appears that the 
photographic minimum is later than the visual by 040042040009 
—which, in view of the number and quality of the observations 
concerned, appears to be unquestionably real. 


DISCUSSION OF THE RESULTS 


A. Errors of the photographic observations.—At this stage of a 
work which it is hoped may prove of considerable extent, it is well 
to consider with some care the degree of precision which the obser- 
vations possess. The individual residuals for all the observations 
of each star have therefore been arranged in order of their numerical 
magnitude, and the numbers between given limits compared with 
the theoretical law of distribution corresponding to the probable 
error computed in the ordinary fashion. The principal results of 
this inquiry are presented in condensed form in Table XVI. 

For each star there are first given the numbers of positive and 
negative residuals between the limits specified at the left (residuals 
of a limiting value, such as o“os, being equally divided between 
the preceding and following groups). Following these are two 
columns, the whole number of residuals, regardless of sign, between 
the assigned limits, and the number which might be expected on 
the Gaussian theory, with the probable errors given below. The 
observations of U Sagittae during and outside the principal eclipse 
are listed separately, as they are of different degrees of precision. 

The lowest line of this part of the table gives the whole number 
of positive and negative residuals. The table so far deals only with 
those observations which were finally admitted into the discussion. 
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The next three lines give particulars concerning the observations 
rejected on account of inadmissibly large discordances: the first 
giving the number of those with positive and negative residuals and 
the whole number rejected; the second, the limit of rejection’ 
(observations with residuals numerically exceeding this being 
rejected); and the third, the average value, regardless of sign, of 
the rejected residuals. It is clear that these very large residuals 
cannot have arisen from accidental errors of the same character as 
those of the bulk of the observations. Some of them may be due 
to defects of the plates not obvious on inspection; but it is probable 
that others arise from mistakes of some sort. In extensive routine 
work like the present, where hundreds of observations of the same 
star are available, the best course to pursue with regard to such 
discordant observations is clearly to reject them summarily. To 
spend an exceptional amount of work upon these doubtful observa- 
tions—on the chance that in some cases the mistake, whatever it 
is, may be rectified—-would demand so great an expenditure of time 
and money, in proportion to the increase of accuracy which might 
conceivably be attained in the final results, that this policy would 
be utterly inconsistent with the principles of ‘scientific manage- 
ment.” 

The percentage of observations so rejected varies from 0.6 for 
W Ursae Majoris to 5.5 for S Cancri and to 5.7 for RW Tauri. 
For the second of these stars the limit of rejection was set relatively 
low in proportion to the probable error later determined. For the 
third, four out of the seven rejected plates are long exposures made 
while the star was very faint and varying rapidly, under which 
conditions changes in the transparency of the atmosphere during 
the exposure may introduce large errors. 

In the foregoing list of rejections no account is taken of plates 
recorded as unsatisfactory by the measurer, or of those on which 
the star was invisible, being near minimum. 

The last three lines in Table XVI give for each star the probable 
error of a single photographic observation, as determined (1) from 
the numerical average of the first powers of the individual residuals, 


t For S Cancri the assigned limit is only approximate, as no rigorous rule of 
rejection was followed in this, the first case discussed. 
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(2) from the squares of these residuals, and (3) from the squares of 
the residuals for the normal points previously given. The values 
found in the first two ways are always very nearly equal. Those 
found from the normals are often perceptibly greater, but the 
difference is serious only in the case of SW Cygni, where the exist- 
ence of systematic deviations from the computed curve has already 
been remarked. In this case the substitution of a smooth and 
symmetrical freehand curve reduced the computed probable error 
of a normal point from +o™“o72 to +o™“o48. If, as is probable, the 
square of the probable error of an observation, derived from the 
individual residuals, would be diminished by the same amount, it 
would become +o™126, as against +o™“130 derived from the dis- 
cordance between the normal points and this same curve. 

Upon examination of Table XVI it is noticeable that the com- 
parison of the observed with the theoretical distribution of the 
residuals shows usually an excess of small and large values, with 
a deficiency of those of intermediate size. This indicates, as is 
well known, that the observations, even though the seriously dis- 
cordant ones have already been rejected, are not all of the same 
precision—the best observations furnishing the excess of small 
residuals, and the worst the superfluity of large ones. 

The estimates made recently at Harvard are much more précise 
than those made in 1903, the average probable error (as derived 
from the individual residuals, weighting the various series in pro- 
portion to the number of observations) being +o™“o68 for the 
former and +o™117 for the latter. The recent observations, which 
are probably a good indication of what may be expected in future 
- work, show that the Harvard photographs, though taken with no 
particular reference to the variables here studied, or, indeed, to 
photometric work at all, give results of a very considerable degree 
of precision. 

When the great number of photographs available is considered, 
it is evident that the fund of information contained in the Harvard 
Photographic Library is of very great value and that the discussion 
of as much of this material as possible is urgently to be desired. 

B. Periods and epochs of eclipse-—The periods and epochs of 
mid-eclipse which were finally adopted for the stars here discussed 
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are given in Table XVII. The upper part of this table gives the 
elements for prediction of the visual minima in the ordinary form. 
The irregularity in the period of W Delphini, here represented by 
a quadratic term, is very likely to turn out ultimately to be 
periodic, and predictions by the formula here given should there- 
fore be made with caution. 


TABLE XVII 
VisuAL MINIMA 
Star J. D. 
W Delphini......... 2412002.5594+4.806211 000000062 E? 
U Sagittae.......... 2417130.4027-+3. 380621 E 
2413210. 6053+9.4845485 E 
W Ursae Majoris....| 2416129. 2022+0. 33363902 E 
RW Tauri.......... 2417198 . 4094+ 2.768903 E 
2411343 .6260+4.572908 E 
F Duration of Di AV 
Increase | Light-Years | Meters/Second 

W Delphini......... +010026 01264 2900 +0.7 
+ .0040+ 010005 262 960 +3.4 
+ .0085+0.0009 315 1370 +5.1 
W Ursae Majoris....| — .0004*0.0007 034 165 —2.0 
— .0025 .175 2200 —0.9 
Sw +0.00420.0009 | 2.230 2400 +1.4 


The lower half of the table contains data relating to the differ- 
ence in time between the moments of mid-eclipse, as determined 
from the visual and photographic observations.t The second 
column gives this difference, which is positive if the photographic 
minimum comes late; and the third gives the probable error of this 
quantity (taking into account the errors of both the visual and 
photographic observations) as derived in the cases where least- 
square relations were made. For the two cases in which no such 
solutions were made the probable errors are not given, but the 
determinations are of about the same accuracy as the others. 

In five of the six cases these differences are unquestionably real, 
and light-curves with the same epoch of mid-eclipse cannot give a 
satisfactory representation of both the visual and photographic 
observations. Similar differences in the times of minimum, as 


* Baldwin’s visual observations in the case of W Ursae Majoris. See p. 320. 
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observed with different wave-lengths, have often been reported 
before; but the evidence of their reality is in the present case far 
more conclusive than previously, depending as it does upon hun- 
dreds of observations of each star, at practically the same epochs 
for the visual and photographic work (the former always falling 
within the interval covered by the latter), which have been reduced 
with the aid of light-curves whose form is not arbitrary, but is 
determined by a well-tested theory. 

The origin of these differences however remains decidedly 
obscure. The most obvious suggestions are (a) that the velocity 
of the visual and photographic rays in interstellar space is slightly 
different, as suggested by Nordmann, and (6) that the distribution 
of brightness over the surface of the star-disks is uneven, and 
different for the different wave-lengths, as suggested by Lebedew.* 

The fact that the observed differences are not always of the 
same sign is strongly against the first of these explanations. More- 
over, the distances of the various stars can now be approximately 
estimated, in the manner described by Russell and Shapley.’ 
These distances are given in the fifth column of Table XIX, the 
data for RW Tauri and U Sagittae being recalculated to correspond 
to the new elements of the present paper. The difference in velocity 
of the visual and photographic rays which would be required to 
explain the observed discrepancy for each star is given in meters per 
second in the last column of Table XVII. The various results are 
utterly discordant and do not furnish the slightest evidence in favor 
of the hypothesis. It is, however, decidedly interesting to note 
that the observations of even a single star prove the identity of the 
velocity of light of the different wave-lengths within a few meters 
per second, that is, on the average, to within a hundred-millionth 
part of the whole. 

Probably no other direct observational test is of comparable 
delicacy; but since a difference of velocity of even one meter per 
second would demand that the medium occupying interstellar space 
should have a dispersive power of about one fifteen-hundredth that 
of ordinary air at the earth’s surface, there is good indirect reason 
* Astrophysical Journal, 29, 101, 1908. 

? Ibid., 40, 417-434, 1914. 
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to suppose that, if any such influence really exists, its effects must 
be far too small to measure, even in this way. 

The second explanation appears more probable, especially as 
the amount of shift of the minimum is always but a small fraction 
of the whole time occupied by the increase or decrease of light dur- 
ing the eclipse (which is given in the fourth column). But in the 
case of S Cancri the shift is one thirty-seventh of the whole time 
of increase, which seems a rather large amount to be accounted for 
by a difference in the manner of distribution of yellow and violet 
light over the star-disk. Again, in the case of U Sagittae, when the 
visual light of the brighter star is half eclipsed (visual magnitude 
7.10), the photographic magnitude is 7.08 during the decreasing, 
and 7.16 during the increasing, phase. At these times the visible 
portions of the bright component are practically the two opposite 
halves of the disk (since the eclipse is central), and it is evident that 
these two regions must differ in color-index by at least oMo8 to 
explain the observations in this way—the preceding half of the disk 
being the redder. But, when these opposite faces of the star are 
turned toward us a quarter-period before and after eclipse, the 
difference of magnitude is only o“o2, and the preceding face appears 
to be photographically brighter than the other. 

Wendell has four visual observations in the interval between 
primary and secondary minimum, with a mean magnitude of 6. 415, 
and nine in the other half of the period, with a mean of 6.429. It 
appears, therefore, very doubtful that differences in color-index 
between the opposite sides of the star, if present at all, can be 
great enough to account for the observed retardation of the photo- 
graphic minimum. 

A third explanation deserves mention. It has been shown by 
Pickering that, when several successive exposures are made on one 
plate, the plate usually appears to be more sensitive for the first 
exposure than for the others. Hence, when a star of varying bright- 
ness is photographed, the effective mean instant of exposure, this 
variation of sensitiveness being taken into account, will be earlier 
than the middle of the exposure. A simple calculation shows that, 
if the sensitiveness during the first half of the exposure were 10 per 
cent greater than the average and that in the second half 10 per cent 
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less, the effective mean time of exposure for a star varying in bright- 
ness at a uniform rate would be earlier than the middle of expo- 
sure by one-twentieth of the whole duration of exposure. If no 
allowance is made for this, the photographic variation will appear 
to come late, the shift being o4002 for exposures of an hour. This 
may have something to do with the tendency of the observed photo- 
graphic minima to come late, but can hardly explain the case of 
S Cancri, in which the shift is 12 minutes, and the average length 
of exposure between 20 and 30 minutes. 

For the present it appears necessary, therefore, to leave the 
origin of these small shifts as a problem for future solution. 

C. Astrophysical results —1. The present investigation furnishes 
the most comprehensive test which has yet been made of the theory 
of eclipsing variables. Two independent, extensive, and precise 
series of observations were available for each star, and these have 
in all cases been satisfactorily represented by exactly the same 
geometrical elements—size and shape of the components and incli- 
nation of the orbit—only the brightness of the components and, in 
some cases, the degree of darkening toward the limb being different 
for the visual and photographic observations. The representation 
of the latter by the elements derived from the visual observations 
is excellent for all the stars but SW Cygni, and fair in this case, in 
which the discrepancies can reasonably be attributed to errors in 
the early and less precise photographic estimates. Table XVIII 
gives the elements of the six systems. The geometrical elements 
are first given, those of U Sagittae and RW Tauri being derived 
from the computations described above and the others being taken 
from Shapley’s list. These are in all cases the “uniform elements”’ 
derived on the assumption that the visual brightness of the star- 
disks is everywhere the same. For S Cancri and W Ursae Majoris 
the photographic brightness appears to be only half as great at the 
edge of the disks as at the center. The stars are spherical (or at 
least spheroidal) except in the case of W Ursae Majoris, where they 
are ellipsoidal, the two shorter radii being 0.745 and 0.681 times 
the greatest radius given in the table. The radii, as tabulated, are 
expressed as fractions of the radius of the relative orbit. 

* Contributions from the Princeton University Observatory, No. 3, pp. 82-85. 
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The visual and photographic ranges of variation are next given, 
the former being taken in most instances from Shapley’s work. The 
latter is invariably the greater, showing that the stars are redder at 
minimum than at maximum—and usually considerably so. 


TABLE XVIII 


ELEMENTS OF EcLIPSING BINARIES 


WDelphini| U Sagittae| Cancri | RW Tauri SW Cygni| 
Radius of bright star... . . 0.135 | 0.230 | ©.075 | 0.190 | 0.131 | 0.366 
Radius of faint star....... 0.256 | 0.295 ©.203 | 0.25 0.266 | 0.366 
Inclination of orbit... .... 83°27’ | go°o’ | 83°10’ go0°o’ 83°42’ | 77°32’ 
2M75 | 347 2M66 oM60 
Photographic range....... 3.32 3-33 2.80 | 3.91 3.56 0.68 
Bright component: | | 
Visual magnitude....... 9.49°| 6.51 | 8.14 8.11 9.16 | (8.66) 
Photographic magnitude! 9.48 6.47 8.14 | 8.12 9.33 8.68 
Color-index............ —0.01 |—0.04 0.00 |+0.01 +0.17 |(+0.02) 
0.18 0.073 | 0.25 0.20 6.4% |. 
Faint component: 
Visual magnitude....:..| 12.10 9.18 | 10.10 | 11.54 | 11.72 (8.66) 
Photographic magnitude} 12.75 9.75 | 10.86 | 12.00 | 12.85 8.68 
+0.65 |+0.57 |+0.76 |+0.46 |+1.13 |(+0.02) 
«2 0.008 | | 0-005 | 0.024] 0.009) 2.45 


Following this appear data concerning each component sepa- 
rately—the visual and photographic magnitudes, the color-index, 
the spectral class (which is known only for the brighter components), 
and the density—in computing which the relative masses of the 
components have been estimated on the basis of their visual bright- 
ness." 

These visual magnitudes have been determined by comparison 
with stars which appear in some photometric catalogues (usually 
only one star in each case), and the photographic magnitudes by 
comparison with the Polar Sequence. The zero-points to which the 
magnitudes of the different stars are referred (especially the visual 
magnitudes) may be subject to small errors, and too much weight 
should not be laid upon the absolute amounts of the resulting color- 
indices. For W Ursae Majoris, in particular, the visual magnitude 
is given on the Potsdam scale and requires a large correction— 


* Contributions from the Princeton University Observatory, N . 3, pp. 121-123. 
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probably about —o“3—to reduce it to the Harvard scale, so that 
the color-index given in the table is not comparable with the others. 

The scale of magnitudes, however, should in all cases be well 
determined, and the relative color-index of the two components of 
each system should be trustworthy. 

2. All these stars except W Ursae Majoris have been selected 
from a well-defined class—those with total eclipses, large range, 
and components markedly unequal in brightness, the smaller star 
being much the brighter and denser of the two. 

The brighter components of these five systems are very similar, 
their average spectrum being B 9, their average color-index +0™“o03 
—in very good agreement with the spectral class—and their average 
density 0.18 that of the sun. They appear to be entirely typical 
of the first-type stars in general. The fainter components are also 
very similar inter se, but are of much lower density, averaging only 
o.o11 that of the sun, and are all far redder than their primaries, 
their average color-index being +o™“72. If the relation between 
color-index and spectrum is the same for these point-images of 
faint stars as for the extra-focal images of brighter ones upon which 
the ordinary system is based, this would correspond to the spectral 
class G 0; but there is evidence that in this case the color-equation 
is smaller than the standard value, so that the given difference of 
color-index would indicate an even greater difference of spectral 
type. 

In any case it is clear that these large faint companions are 
second-type stars. Direct observations of their spectra during the 
constant phase at minimum should be possible in some cases at 
least and are much to be desired." 

Similar differences in color-index, always in the same sense, have 
previously been reported by Seares? and Shapley’ in the case of 
RR Draconis, by Shapley for Y Piscium? and TW Andromedae,‘ 
and by Dugan for RZ Cassiopeiae.s The additional results here 


*In the very similar system U Cephei, the spectrum of the companion is K 
(Miss Cannon, American Astronomical Society, December meeting, 1916). 


2 Astrophysical Journal, 36, 368, 1912. 3 Ibid., 3'7, 160, 1913. 
4 Publications of the Astronomical Society of the Pacific, 26, 258, 1914. 
5 istrophysical Journal, 44, 120, 1916. 
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given show clearly that the typical eclipsing binary of large range 
consists of a small, bright, dense component of the first spectral 
type (Class A or near it) and a large, faint component of much 
lower density and of the second type (Class G or redder). 

It can hardly be doubted that, in such pairs, the component of 
low density represents the earlier stage of evolution, and that the 
terms “early” and “‘late,’’ as applied to the spectral classes near 
the beginning and end of the series of the Draper classification, 
have no further significance than as describing the position of the 
stars in this sequence, and not at all in the sequence of evolution. 

3. It is of much interest to compare the differences of color- 
index between the components with the differences of surface bright- 
ness (expressed likewise in stellar magnitudes), which may readily 
be computed from the data of Table XVIII. If the stars radiated 
according to Wien’s law and were observed with monochromatic 
light, these two quantities should be in a fixed ratio to one another, 
no matter what the temperatures of the stars compared might be— 
namely, the ratio of the difference of the wave-lengths used in the 
visual and photographic observations to the photographic wave- 
length. 

For bodies radiating according to Planck’s law, this ratio would 
fall off slowly at very high temperatures. More serious deviations 
may arise from the departure of the stars from the laws of “ black- 
body” radiation and from the fact that a considerable range of 
_ wave-lengths is effective in both the visual and the photographic 
observations. Nevertheless it might be expected that the differ- 
ence in color-index would prove to be approximately proportional, 
at least, to that in surface brightness. 

Table XIX contains all the data at present available which bear 
upon this question. The first column gives the name of the star; 
the second, the difference in color-index (AJ) between the compo- 
nents, except for the last two stars, where the tabulated quantity 
is the difference in color-index between the light of the brighter 
component and that of the system at minimum, which is a mixture 
of the light of the two components (the eclipses being large, but 
partial). For RR Draconis and TW Andromedae two sets of 
values are given—one derived by comparison of the photo-visual 
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and photographic results of Seares' and Shapley,” respectively; and 
the other, from the same photographic observations and the visual 
measures of Shapley’ and Van Biesbroeck.‘ 

The third and fourth columns give the difference in surface 
brightness (AJ) between the components, expressed in stellar mag- 
nitudes and derived from the known depths of eclipse, and’ the 
ratios of the radii of the components. The solutions assuming the 
star-disks to be 6f uniform brightness, or darkened toward the limb, 
usually give different values of the ratio of the radii, and hence of 
the relative surface brightness, and both sets of values are therefore 
tabulated. 


TABLE XIX 
DIFFERENCE OF SURFACE 
INDEX 
‘ al Uniform Darkened Uniform Darkened 

RR Draconis: 

Photo-visual......... 57 5.2 4.4 .13 
he 45 4.1 3.9 II .12 
.76 4.1 3-4 19 .22 
W Delphini........ 4.0 3-4 16 .19 
61 3.2 3.1 19 .20 
TW Andromedae: : 

3.0 2.4 II .14 
Photo-visual......... 51 2.9 2.2 0.18 0.23 
W Ursae Majoris....... .09 ©.00 
RZ Cassiopeiae......... +0. 29 +3.6 boxe 


The elements of RZ Cassiopeiae are from Dugan’s discussion,’ 
the tabular quantities being the difference in surface brightness 
between those sides of the components which are visible at primary 
minimum. The geometrical elements of TW Andromedae are by 
Stewart. The darkened elements of RW Tauri (%:=0.192, 
0.239, and U Sagittae (r,=0. 226, r7-=0. 282, i= go0°0) 

* Astrophysical Journal, 36, 368, 1912. 

? Publications of the Astronomical Society of the Pacific, 26, 156, 1914. 

3 Astrophysical Journal, 37, 154, 1913. 

4 Annales de l’Observatoire Royal de Belgique, 13, 11, 1914. 
5 Astrophysical Journal, 44, 117, 1916. 6 Thid., 42, 315, 1915. 
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have been calculated from the new visual normals given above. 
The elements of the other stars may be found in Table XVIII or 
in Shapley’s list’ except in the case of RX Herculis, where the 
tabular data depend on Shapley’s statement? that the visual surface 
brightness of the star eclipsed at principal minimum is 1.14 times 
that of the other, and Baker’s value’ 1.12 for the same ratio, as 
derived from his photographic observations. 

The fifth and sixth columns give the ratios AJ/AJ, derived 
from the “uniform” and ‘‘darkened”’ solutions, for those cases in 
which the differences are large enough to permit a reliable deter- 
mination. The results for different systems differ considerably, 
but not much more than those obtained by different observers for 
the same system. The mean values of AJ/AJ, giving each star 
equal weight, are 0.170.010 for the uniform elements and 0. 19+ 
0.012 for the ‘‘darkened’’—the probable errors being derived in 
the usual way from the discordances between the individual values 
and the mean. 

If the mean effective visual wave-length—to be exact, the 
_“Crova wave-length’’—is estimated as 0.52 for the visual and 
©.42 for the photographic observations, the theoretical value of 
the ratio AJ/AJ comes out 0.24; but neither of these wave-lengths 
has yet been determined even roughly for such methods of obser- 
vation as are used in stellar photometry. 

All that can be said at present is that, if, as seems probable, the 
color-indices given in this paper need to be increased considerably 
to reduce them to the standard scale, the observed ratio is in good 
accordance with theory. 

For the two systems—-RX Herculis and W Ursae Majoris—in 
which the components are nearly equal in surface brightness, they 
are also sensibly of the same color, as might be expected. For 
Y Piscium, where it is probable that the light at minimum is a 
mixture of that of the fainter component and of the uneclipsed por- 
tion of the brighter, the color-index is relatively small, as might 
again be anticipated. 


* Contributions from the Princeton University Observatory, No. 3, pp. 82-91, 1915. 
2 Astrophysical Journal, 40, 399, 1914. 
3 Laws Observatory Bulletin, 2, 170, 1916. 
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- The case of RZ Cassiopeiae is more interesting. According to 
Dugan’s ‘‘uniform” elements, which are determined with great 
accuracy by a long series of observations covering the whole curve, 
the fainter component conceals 0.806 of the area of the brighter 
one at mid-eclipse, and the radius of the brighter star is 0.768 that 
of the fainter. ’ 

The depth of the principal minimum (measured from the adja- 
cent portion of the light-curve, to eliminate the effects of ellipticity 
and mutual radiation) is 154 visually and 1"77 photographically, 
so that the ratio of the brightness at mid-eclipse to that outside 
eclipse is 0. 242 in the first case and 0.196 in the second. If 6 and /f 
denote the light of the two stars, we then have the equations: 

f+0. 194b=0. 242(b+/) (visual) 
=o. 196(b+/) (photographic) 


whence {/b=0.063 visually and 0.002 photographically. 

The first of these two results is in accordance with Dugan’s data, 
it being remembered that the fainter side of the larger star is visible 
at this time; but the second appears to lead to the absurd conclusion 
that the companion gives out no violet light at all (within the errors 
of observation). A clue to the riddle may be found in the assump- 
tion that the brighter component is darkened toward the limb for 
the photographic wave-lengths, so that the light of the remaining 
uneclipsed portion is redder than that of the whole disk, leaving 
less to be accounted for by the redness of the companion. If the 
loss of brightness at the limb is x times the central brightness, the 
amount of light lost when the fraction a, of the apparent area of 
the disk is concealed by a star of 1/k times the radius of the one 


ngs 

eclipsed is 

From the table of the function X it appears that in the present case 
a,=0.806, k=0. 768, X=+0.071 


and the fraction of the light of the brighter star which is lost by 
eclipse is 0.806+0.057x. The equation for the photographic mini- 
mum then becomes 


f+(0. 194-0. 057x)b=0. 196(b+/) 
f/b=+0.002+0. 071%. 
1 Astrophysical Journal, 36, 402-403, 1912. 
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To the visual ratio {/b=0.063 corresponds a difference of surface 
brightness of 3“6, which would lead us to anticipate a color-index 
of about +0™6 for the light of the fainter star relative to the brighter 


one and hence a photographic ratio {/b=0.036. This value may’ 


be exactly reproduced by setting x=0.48 in the equation derived 
above. It appears, therefore, that, if the brighter component of 
RZ Cassiopeiae is redder at the limb than at the center to the degree 
represented by the loss of about half the photographic light at the 
limb, the large faint comparison is of normal color-index in com- 
parison with those of the other stars studied here. It is probable 
that this assumption is not far from the actual facts. 


SUMMARY 


1. Two thousand one hundred and one observations of the 
photographic brightness of six eclipsing variable stars have been 
made at Harvard and discussed at Princeton, and the resulting 
light-curves compared with those derived from visual observations. 

2. In all cases it has been found possible to obtain a satisfactory 
representation of both the visual and the photographic observa- 
tions by means of identical geometrical elements of the eclipsing 
system. The relative brightness of the two stars and in some cases 
the degree of darkening toward the limb are different for the visual 
and photographic rays. 

3. The probable error of an estimate of magnitude depending 
on one Harvard plate is +o™o68, for those plates investigated in 
1914-16. (For the older estimates in 1903 it is considerably 
higher.) The Harvard Photographic Library therefore contains 
material for very precise light-curves of all regular variable stars 
brighter than the twelfth magnitude. 

4. The epochs of the middle of eclipse differ for the visual and 
photographic observations by amounts which, though small (twelve 
minutes at most), are much greater than can be explained by the 
accidental errors of observation. No explanation of these differ- 
ences has been found. 

5. In three cases—S Cancri, W Ursae Majoris, and RZ Cassio- 
peiae—there is definite evidence that the disks of the brighter com- 
ponents appear redder at the edge than at the center, as is the case 
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with the sun. In other cases there is little evidence of this effect, 


_ but it would be premature to say definitely that it was absent. 


6. When the two components of an eclipsing system are nearly 
equal in surface brightness, they are of very nearly the same color, 
but when they differ considerably in surface brightness, the star 
of lower surface intensity is the redder. In many cases the differ- 
ence in color-index is at least as great as that between the spectral 
classes A and G. The whiter components are usually smaller and 
undoubtedly denser than their reddish companions. 

7. The difference of color-index is, on the average, about one- 
sixth of the difference of surface brightness, expressed in stellar 
magnitudes. It is, however, probable that the ratio will be 
increased to one-fifth or farther when the color-indices are referred 
to the standard system. When this ratio is definitely established, 
the way will be clear to estimate the linear diameters of all stars 
of known color-index and parallax, and the angular diameters of all 
stars of known spectral type. 

8. The diagrams of the visual and photographic light-curves 
need no further explanation than to say (a) that, in order to avoid 
overlapping, the photographic curves have been displaced in a 
vertical direction relative to the visual curves, so that the photo- 
graphic magnitudes are to be read from the scale at the right and 
the visual magnitudes at the left; and (b) that the phases used in 
plotting the normal points have in all instances been referred to the 
finally adopted: instants of mid-eclipse, which differ, for the visual 
and photographic observations of the same star, by the quantities 
given in Table XVII, so that the differences between the times of 
photographic and visual minimum are not shown in the figures. 


PRINCETON UNIVERSITY OBSERVATORY 
February 22, 1917 
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ON THE AVERAGE PARALLAX OF THE STARS OF 
THE FOURTH TYPE 


In the Astrophysical Journal, 32, 9, 1910, Professor Kapteyn has 
published a determination of the average parallax of the stars of 
the fourth type. As this investigation has an important bearing 
on the question of the connection between the stars of type IV and 
Miss Maury’s collateral series, I should like to point out that no 
reliable conclusion as to the mean parallax of these stars can be 
deduced from the data used by Kapteyn. 

The material consists of the A.G. positions, some older observa- 
tions, and the careful determinations made by Dr. Nérlund with 
the old meridian circle of the Copenhagen Observatory. Of this 
instrument Schjellerup says in the introduction to his star cata- 
logue that the errors of the Pistor and Martin division amount in 
one case, at least, to 6’, and that one of the circles through an 
accident during transportation had become so deformed that the 
divisions were only indistinctly seen in the microscopes. Conse- 
quently the instrument has only been used in cases in which 
rough positions were better than none. In the present case the 
reliability of the positions has been further reduced by the method 
of observation; the bright stars were bisected by the wire, while 
the fainter ones were placed between two wires 14” apart, so that 
the declinations are, strictly speaking, estimates rather than 
measures. 

Although the systematic errors in the Copenhagen positions are 
partially reduced by the use of more catalogues in the computation 
of the proper motions, their existence is clearly revealed by a 
glance at the results. Arranging the secular motions yw. and us 
according to right ascension, we get the means given in Table I. 

It thus appears in Table II that the proper motions are positive 
from o" to 8" and negative from 8" to 24°. 
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If star No. 60 in the group from 6* to 8" be rejected, the mean 
values become +0%049 and —o"68, respectively. 

From Tables I and II it appears that the proper motions in 
right ascension, if real, show a maximum in 7", even after the 
rejection stated, and a minimum in 19%. This is clearly an effect 
of systematic errors in the proper motions, as it would require a 
right ascension of 13" for the solar apex. 


TABLE I 
No. of Stars 
oto 2..... —of118 —o'13 6 
2 to 4....| +0.083 +0.13 12 
4 to 6....| +0.012 —o.78 25 
6 to 8 ....| +0.149 —0.27 23 
8 to10o ....| —0.049 +0.14 9 
Io to12 ....| —0.070 +0.04 5 
12 to14 ....| —0.047 —1.02 6 
14 to18 ....| +0.172 +0.06 5 
18 to 20 ....| —0.028 +0.06 23 
20 to 22 ....| +0.020 —1.87 15 
22 to 24....| —9.060 —0.94 8 
TABLE II 
No. of Stars 
oto 4*..... +o0%016 +0704 18 
4 to 6....] +0.012 —o.78 25 
6 to 8....| +0.149 —0.27 33 
8 to18 ....] —0.009 —0.17 25 
18 to 20 ....| —0.028 +0.06 23 
20 to 24 ....| —0.008 —1.55 23 


Arranging the proper motions according to declination, we get 
the synopsis in Table ITT. 

In the neighborhood of the zenith of Copenhagen there is a 
strongly marked discontinuity in the proper motions in the right 
ascension from +0%133 to —o%133, the origin of which must be 
sought in Copenhagen rather than in the Milky Way. The change 
of sign has probably some connection with the change of position 
of the observer, and north of the zenith of Copenhagen the syste- 
matic errors of the method used in the observations of declination 
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reappear as a “‘star-drift’”’ of —2’’ common to seven stars! If the 
declinations of the stars between +65° and +70° be computed from 
the older observations alone, we find that the Copenhagen declina- 

tions in this region require a correction of about 1.” | 


TABLE III 
No. of Stars 
—25° to —15°....... —0'037 +0709 10 
—- to+s...... —0.029 —0.97 15 
+5 to+15...... 0.000 +o.18 II 
+15 to +25 ...... —0.055 —0.79 13 
+25 to +35 ...... +0.027 —o. 28 13 
+35 to +45 ...... +0.o11 —0.84 21 
+45 to +55 ...... +0.133 —0.75 14 
+55 to +65 ...... +0.010 —0.07 10 
to +75 ..... .| 0.133 —2.17 7 


The imaginary character of the proper motions is further clearly 
revealed by their rapid increase with the magnitude of the stars. 
Dividing the stars in groups of twenty, we obtain the mean values 
given in Table IV. 


TABLE IV 
2.61 
4.31 
5.86 


As the systematic errors in the proper motions are of the same 
magnitude as the proper motions of the stars of the seventh mag- 
nitude, we may safely conclude that the secular motions found for 
the fainter ones are quite imaginary; hence any attempt at a deter- 
mination of the mean parallax from these data must be regarded 


as mere guesswork. 
H. E. Lat 


H6rsHOLM 
March 1917 
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RECENT CHANGES IN THE VARIABLE NEBULA 
N.G.C. 2261 


This is a bright, comet-shaped nebula situated at R.A. 6°34™, 
Dec. +8°49’ (1900). Plates taken by the writer in the winter of 
1915-1916 with the 24-inch reflector of the Yerkes Observatory, 
when compared under the blink-comparator with a plate taken with 
the same instrument by Mr. F. C. Jordan in March 1908, showed 
changes in the outline, and displacement of the structural details 
of the nebula. An account of the matter is given in this Journal 
for October 1916 (44, 190). The changes, though striking, were 
small, amounting at most to displacements of some 4 or 5 seconds 
of arc in the interval. 

A plate taken by Mr. H. D. Curtis with the Crossley reflector 
of the Lick Observatory in January 1913 was very kindly lent to us 
by Director Campbell. This showed that the entire change had 
occurred between 1908 and 1913. 

The nebula apparently remained quiescent until May 1916, when 
the last plate of that season was taken. In September of last 
autumn Miss Gushee of the Yerkes Observatory secured a plate 
of the nebula on which some changes were suspected. These were 
verified by a series of exposures which she made in the latter part 
of October. 

A Lowell Observatory cir-ular, dated January 29, 1917, stated 
that a comparison of plates taken, the one in March 1916, the 
other on January 25, 1917, by Mr. Lampland showed striking 
differences—apparent displacements which might amount to 15 
seconds of arc. 

On March 27, 1917, the writer secured a new plate with the 
Yerkes 24-inch reflector. In the telescope the nucleus was distinctly 
brighter than in the previous year, at least with respect to the 
neighboring nebulosity. The developed plate confirmed this 
impression to a remarkable degree. The general trend of the 
change seems to be that the nebula has faded very considerably 
all around its southern perimeter. It is to be regretted that the 
scale of the reflector is too small to bring out the finer details 


« 
| 
| 
ia 
, 
} 
> 


352 MINOR CONTRIBUTIONS AND NOTES 


distinctly. Plate IX has been prepared, showing the nebula as it 
appeared on February 27, 1916 and on March 27, 1917. 

Although the interval is here an entire year, almost the whole 
change occurred after November 1 and had reached enormous 
proportions certainly by January 25, when a plate was taken 
at Lowell Observatory. It remains to be seen whether the change 
is still in progress. 

The details of the change are confused by the small scale of 
the plate, as the image of the nebula is only half a millimeter in 
length on the negative. Clearly the former bright band just north 
of the nucleus has contracted to about a third of its length, and the 
whole southern portion of the body has contracted about the north- 
and-south axis—all this, however, without affecting the details in 
the outer portion, away from the nucleus. It would seem that the 
former illumination near the nucleus has faded away. The faint 
streamer running out from the nucleus in the direction south- 
following has perceptibly brightened. The recent plates have 
certain points in common with a plate taken by the late Dr. Isaac 
Roberts at Starfield on January 27, 1901, copies of which Mme 
Roberts had the kindness to prepare and send at the request of 
Director Frost. 

The nucleus has long been known as the variable star R Mono- 
cerotis, for which a range between magnitudes 9.5 and 13.0 has 
been reported. The period is irregular. The photographs showed 
no appreciable variation until this spring, when the nucleus bright- 
ened by half a magnitude. 

Director Slipher of the Lowell Observatory reports a continuous 
spectrum crossed by bright lines or bands, not those typical of the 
gaseous nebulae. 

This nebula is of the same class as N.G.C. 6729, the variability 
of which was studied photographically by Knox-Shaw at Helwan. 
N.G.C. 2261, however, is larger and brighter, and hence the more 
easily studied in detail. Hind’s variable nebula by T Tauri 
(N.G.C. 1555) is probably a third member of this class. 

No attempt is here made to explain the phenomenon, save to 
remark that, unless we are witnessing a phenomenon of illumina- 
tion, the nebula must be very near. Parallax and proper motion 
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are related to linear velocity across the line of sight by the formula 
=>. In this case uw could not be less than 20-30 seconds of 


arc, hence a velocity of, say, 500 km per second would point to a 
parallax of o”2 at the least, and the matter could be settled by a 
direct measure of the parallax. If it is a question of illumination, 
then, as was pointed out by Slipher and Lampland, the nebula 
would not be more than ten or twelve thousand light-years distant 


at the most. 
Epwin P. HuBBLE 


UNIVERSITY OF CHICAGO 
April 10, 1917 
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X-Rays. By G. W. C. Kaye. Second Edition. London and 
New York: Longmans, Green, & Co., 1917. Pp. xxi+28s. 
$3.00 net. 


“Tn this edition the writer, so far as his military duties would permit, 
has subjected the book to a thorough revision and incorporated original 
work of note published up to the middle of 1916.” Although the first 
edition was far from outgrown, the rapid growth of this fascinating and 
highly important subject warrants a revision at this time. The additions 
which have been made are characterized by the same conciseness, yet 
comprehensiveness, found in the first edition. The substance of many 
scattered and often lengthy papers is clearly stated in remarkably few 
words. 

Thirty pages in all have been added, twenty of which comprise a 
wholly new chapter on “X-Ray Equipment and Technique,” which gives 
a brief account of the installation and procedure for taking X-ray photo- 
graphs. From the standpoint of the physicist the changes of greatest 
interest are: (1) a careful revision of the chapter on “The Diffraction 
of X-Rays by Crystals,” the recent work of the Braggs, De Broglie, 
Siegbahn, and others being incorporated, and the discoveries of Moseley 
being dealt with more at length; (2) a detailed description of the 
Coolidge tube; (3) a brief summary of the recent work of Barkla on 
the scattering of X-rays, on the gaseous absorption of X-rays, and on 
the velocity of the corpuscles ejected by X-rays; (4) a brief discussion 
of the quantum-theory relations which appear in X-ray phenomena. 

Other changes and additions are: (1) the addition of sections on 
“The Ionics of an X-Ray Tube,” “The Snook Hydrogen Tube,” 
“Metal X-Ray Bulbs,” “Energy Measurements,” “Present Day Radi- 
ology and Radiotherapy,’”’ and ‘Recommendations for the Protection 
of X-Ray Workers”’; (2) twenty-three new cuts have been added, one 
left out, and four changed; (3) three new tables have been added. 

An undue prominence is given to the paper of Rutherford, Barnes, 
and Richardson (Philosophical Magazine, 30, 339, 1915), the funda- 
mental assumption of which (namely, that wave-lengths may be deduced 
from the absorption coefficients) has been shown to be incorrect, at any 
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rate for high frequencies, by several observers (see Duane and Hunt, 
Physical Review, 6, 166, 1915; Hull, ibid., 7, 156, 1916; Allen and 
Alexander, ibid., 9, 198, 1917). Asa result an entirely wrong impression 
' is given in several places. On pp. 129 and 46 the statement is made that 
the shortest wave-length emitted by a Coolidge tube is 0.171 1078 cm 
with a penetration of about one-half that of the gamma rays from 
radium C, and that this radiation appears at about 140,000 volts. 
Dr. Hull, of the General Electric Laboratory, has observed a radiation 
with wave-length 0.08 10~* cm at a voltage of about 150,000, and he 
states that there is no indication of the existence of a limit to the hard- 
ness of the X-rays which may be generated by any particular antica- 
thode (see General Electric Review, 19, 314, 1916; also Proceedings of 
the National Academy, 2, 265, 1916). On p. 230 credit is given to 
Rutherford for pointing out that absorption results are not a reliable 
guide for deducing wave-lengths. This was first pointed out by Duane 
and Hunt (Physical Review, 6, 166, 1915) and has been verified by Hull 
and Rice (Physical Review, 7, 326, 1916). As has been said, Rutherford 
worked on the opposite assumption. Siegbahn’s discovery of an 
M series for the heavy metals (gold to thorium) softer than the K or L 
series (Comptes Rendus, 162, 787,1 916) seems to have been overlooked 
(see p. 122). Moreover, I believe that the work of Webster (Physical 
Review, 6, 599, 1916) shows clearly that the quantum relation Ve= hy, 
holds as well for the characteristic radiations as for the independent 
(the statement on p. 245 to the contrary), except that in this case the 
frequency to be used is that of the shortest (y) line of the series. 

The paper upon which the book is printed is not as good as that of 
the old edition, and as a consequence some of the cuts are a little blurred 
and not as clear as in the first edition. This was probably occasioned 


by war conditions and was unavoidable. 
E. C. 


RYERSON PuysICAL LABORATORY 


Annuaire pour Van 1917 publié par le Bureau des Longitudes. 
Paris: Gauthier Villars et Cie, 1916. Pp. 661. Fr. 1.50. 
The Annuaire for 1917 is devoted principally to astronomical tables 
and tables of measure and of meteorology. According to the plan 
adopted in 1904, it should contain also tables on geography and statistics. 
These have been omitted, together with those giving physical and chemi- 
cal information. 
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Besides the usual ephemerides and lists ‘of double stars, parallaxes, 
etc., there are tables for finding the value of gravity in different places, 
and for the calculation of altitude from barometric observations. 


Revisions occur in the chapter on constellations, which contains six — 


excellent charts with “catch-figures” outlined in red, and notes on the 
study of constellations, and in the chapter dealing with stellar spectra, 
where particular attention is given to recent developments. We find 
additions in the part dealing with the Julian and Gregorian calendars, 
and in the section on the rising and setting of the sun and moon. 
Among the notices is one of particular interest to the physicist— 
“La Détermination du métre en longueurs d’ondes lumineuses” by 


Maurice Hamy. 
E. W. W. 


Annuaire astronomique et météorologique pour 1917. Par Camille 
Flammarion. Paris: Ernest Flammarion. Pp. 436. 140 fig- 
ures, charts, and diagrams. Fr. 2. 

This well-known publication has this year the distinction of being 
the fifty-third issue by the same editor, M. Flammarion. In addition to 
the usual astronomical and meteorological tables, notices on the recent 
progress of astronomy, and a summary of celestial phenomena for the 
year, it contains also guides for the study of the constellations, descrip- 
tions of the sun, moon, planets, and stars, and methods of observation. 
Of particular interest this year are the references to the war situation in 
Europe and records of celestial observations in letters received from the 
front. 

The book is well adapted to furnish inspiration for the amateur 
observer and general reader as well as to meet some needs of the more 


experienced astronomer. 
V. M. G. 


Astronomischer Jahresbericht. Bearbeitet im Kgl. Astronomischen 
Rechen-Institut. Berlin: Georg Reimer, 1914-1916. Bd. 
XV (Literatur des Jahres 1913), pp. 545, Marks 18; Bd. XVI, 
pp. 391, M. 14; Bd. XVII, pp. 299. M. ? 

We are glad that this valuable annual of the literature of astronomy 
has been maintained even during war times, through the editorial efforts 
of Professor P. V. Neugebauer and the chief of the Rechen-Institut, 
Professor Fritz Cohn. The first volume of the three here considered 
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has its preface dated in June 1914. The subsequent shrinkage in size 
and in number of reviews is natural and is chiefly due, in the opinion 
of the editors, to the diminished output of scientific papers in war- 
ridden Europe. 

Many papers not available to the editors were reviewed by colleagues 
at the observatory at Copenhagen. The shortening of the notices ‘is 
not wholly a disadvantage. They are impersonal and generally ade- 
quate. The necessity of co-operation in the various phases of astronomy 
justifies the hope of a resumption of such relations between all the 


nations after the war. 
F. 
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THE UNIVERSITY OF CHICAGO SCIENCE SERIES 


The purpose of this series is to present the latest results in various fields 
of scientific research in as summary a manner and with as little technical 
detail as is consistent with sound method. 
All interested in the most recent progress in science will find in this series 
the complete results of current investigations given in a compact and 
attractive form by well-known specialists: 


VOLUMES ALREADY PUBLISHED 


The Evolution of Sex in Plants 
JOHN M. COULTER 


Sexual reproduction is discussed historically as the 
last method of reproduction attained among plants, 
and as not replacing but as being added to earlier 
methods. A book of particular significance to those 
interested in plant breeding. Price $1.00 net 


The Biology of Twins 
HORATIO H. NEWMAN 


This volume brings together for the first time a 
considerable mass of data dealing with the phenomenon 
of twins in man and other mammals. Various kinds of 
human twins are first considered, and then the modes 
of twinning in the various species of the armadillo 
and in ruminants. In the closing chapters the 
author discusses twins in relation to general bio- 
logical problems and also variation and heredity in 
twins. Price $1.25 net 


Individuality in Organisms 
CHARLES M. CHILD 


After years of laboratory experimentation the 
author presents his conception of physiological indi- 
viduality, covering in a brief critical survey the various 
theories which have been developed, and considering 
the more important lines of evidence on which these 
theories rest. Price $1.25 net 


The Origin of the Earth 
THOMAS C. CHAMBERLIN 


The book sets forth the older views of the origin 
of our planet, the final rejection of all these, and the 
construction of a radically new view based on a new 
dynamic foundation. The later chapters treat of the 
early stages of the earth and the way its leading pro- 
cesses took their start from their cosmogonic ante- 
cedents. Price $1.50 net 


A Chemical Sign of Life 
SHIRO TASHIRO 


A new chemical method is here proposed by which 
vitality may be detected and measured in cases where 
ordin: means are not available or practical. By a 
series of chemical tests the author is able to determine 
whether a seed is alive or dead, and has succeeded in 
measuring quantity of life. Price $1.00 net 


Finite Collineation Groups 
HANS F. BLICHFELDT 


The author has outlined the different principles 
of the theory of finite collineation groups (or linear 
groups) as found in scattered articles in mathematical 
journals and in a few texts on up theory, and 
at the same time made an effort to depend upon a 
minimum of abstract group 5 A book of peculiar 
significance to all students teachers of higher 
mathematics. Price $1.50 net 


NOW READY 


Food Poisoning. Epwin O. Jorpan. 


This volume presents the results of a very thorough investigation of a question of special importance, and is 
particularly valuable as a reference book for the physician, the student, and the general reader who desires informa- 


ssed are: extent of food poisoning, articles of food most commonly connected with food poison- 


tion upon special aspects of the subject. 
The phases discu 
ing, _——s of food poisoning. 


e results of the writer’s perience and investigation are effectively utilized and a number of the most 
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characteristic and best-studied ep 


e to food are described. Price, $1.00 net 


FOR EARLY PUBLICATION 


The Electron: Its Isolation and Measurement and the Determination of Some of Its 
Properties. By Rosert ANDREWS MILLIKAN, Professor of Physics in the University of 
Chicago. 240 pages, 12mo, cloth; $1.25 
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Standard Library Catalogue 


APPROVED BOOKS 


FIFTH REVISION 


A list of 2,500 of the best books 
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354 Fourth Avenue 
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At 26th Street 


Light Waves and 
Their Uses 


By ALBERT A. MICHELSON 


With 108 text figures and three full-page 
fit 

Numerous practical applications of 
recent theories in optics’ together 
with accurate illustrations and de- 
scriptions of apparatus add materially 
to the value of this book. Students 
of physics and astronomy will find 
here an admirable condensation of the 
somewhat scattered literature of the 
subject, presented in an original and 
entertaining manner. 


Price $1.50, postage extra (weight 
1 lb. 10 02.) 


Le University of Chicago Press 
Chicago - Illinois 


THE STUDY OF STELLAR 
EVOLUTION 


An Account of Some Modern Metheds 
of Astrophysical Research 
IDustrated with one hundred plates 


By Grorce Excery Hate, Director of the 
Solar Observatory of the Carnegie Institution, 
Mount Wilson, California. 

“The Study of Stellar Evolution” explains, 
in a popular way, how the life-histories of the 
sun and stars are investigated.” A brief histori- 
cal sketch, in which the general purposes and 
methods of astrophysical research are outlined, is 
followed by several chapters on the sun, the only 
star that is near enough the earth to be studied 
in detail. An account of the spectroheliograph, 
which gives pictures of the sun, showing the 
flocculi—invisible clouds of calcium or iron vapor, 
or of hydrogen gas—introduces a series of chap- 
ters describing methods of solar and stellar 
research developed at the Yerkes and Mount 
Wilson observatories. 
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Every One of These Books Is a Distinctive 
Addition to the Literature of Its Class 


The Druid Path 
By MARAH ELLIS RYAN 


“The Druid Path” is the heart story of the folk of 
ancient Erin and their descendants of today. It is 
Ireland’s epic revealing in half a dozen magical tales 
pad legends, myths, mysteries, religions, and song of a 

old when history was young. It is probably the 
pon “distinctive book of the year, and a beautiful 
example of bookmaking. Crown 890. $1.35 


The Diary of an Expectant 
Mother 


A most surprising book. The glorious pride a true 
woman feels in coming maternity together with the 
natural fears engendered by this most trying ordeal 
are set forth simply, naturally, and modestly in a way 
that is absolutely unless. very woman ld read 
it and many a man will find in it a key which will 
unlock for the door ing. 
r2mo. $1.25 


Human Welfare Work in Chicago 
Edited by COL. H.C. CARBAUGH of the Civil 
Service of South Park Commissioners 


The desire to make known what Chi is doing 
for the physicaf and mental welfare of her people, 
what she hopes to accomplish and what has already 
been accom; is the reason for the publication of 
this volume. It shows the other side of Chicago, the 
human side, how publicly and privately she is striving 
to minister to the of her vast cosmopolitan 
population. The work contains much statistical 

end and is profusely illustrated. 
Lerge 12mo. $1.50 


Our Fellow Shakespeare 


By HORACE J. BRIDGES 


wih Stu of the World’s 
's purpose is to show 
manatee as he was, a man of the world w 


mpathetic understanding of eve caine 

human, wh written primarily the 
enjoyment. 

Large $1.50 


The Japanese Invasion 
By JESSE FREDERICK STEINER, Ph.D. 
“The Japanese isa survey 


of the oriental The author is not an 
but pen we omg sounds a note of caution 
and suggests methods of inter-race 


r2mo. $1.25 


Ultimate Democracy and Its 


The Railroad Problem 
By EDWARD HUNGERFORD 


A careful stud dy of the physical and financial plight 
that has overtaken the railroads, and the causes 
thereof. Then without bias or prejudice Mr. 
Hungerford shows what must be done for the rail- 
roads, and what they must do for themselves to bring 
about a cure. ge 12mo. $1.50 


The Psychology of Citizenship 
By ARLAND D. WEEKS 


A — of the psychology of our relations to 
civic aff 16mo. 50 cents 


Social Environment 
By GEORGE R. DAVIES, Ph.D. 


The aim of this work is to set forth the nature of 
society as primarily a spiritual rather than a biological 
reality, the term spiritual being used in a broad sense 
asr erring to the intellectual, artistic, and the moral 
achievements of civilization. 16mo 50 cents 


The Principles of Natural 
Taxation 
By C. B. FILLEBROWN 


Chay ont ot plainly to set forth the genesis and prog- 
ress of t lans formulated by a certain school of 
economists for the taxation of economic rent is the 
aim of this work. These plans are otherwise known 
as the single-tax doctrine. Portraiis. i12mo. $1.50 


Making 
By NEWELL L. SIMS, A.M., Ph.D. 


This is an investigation and study of the demo- 
cratic idea, beginning with the primitive democracy 
of the original savage and then following the progress 
of the democratic es through the ages to a final 
examination and appraisal of the active democratic 
forces 4 in the social organization of today. 

Lerge 12mo. $1.50 


The State and Government 
By JEREMIAH S. YOUNG, Ph.D. 


Professor You purpose in this vi readable 
state, and its agent, = government. 

16mo. 50 cents 


A. C. McCLURG & CO. Publishers 
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Unfair Competition. By W. H. S, STEVENs. 


Farmer,” Ernest R. Groves. 


NEW AND FORTHCOMING BOOKS 


Recreation and the Church. By Proressor HERBERT W. Gares. 


A book which reports the theory and views oa the vital church problems, by an expert who has devoted years to (his 
practical solution in an Dx goatee institution of the church. 

This volume would be equally interesting to ministers, settlement mortars, and all those who are interested in health- 
recreation for all the members of the community 


pages, cloth; $2.00, postage extra 


Standards of American Legislation. By Exnst FREUND. . 


Mod adern social legislation is discussed as a corrective measure for the shortcomings of the principles of common law 
“Legislation ought to do what lawyers cannot ” is the theme haane Walch the author develope. A set of principics and standards 


“P« upon which corrective statutes should hould proceed is the constructive element of the 


pages, cloth; $1. 


Mr. Stevens examines twelve methods of competition selected from the practices of modern corporations and trusts, 
ahr, Stovens Mommie standard for judging therr fairness under present legislation. “ 
2i +266 pages, cloth; $1. $0, postage exira 


Household Manufactures in the United States, 1640-1869. By 


M, 

Many people still can recall the system of of manufactoring ag it ae at : one time carried on in the family. A 
universal interest exists in a and conditions of life of our forefathers, and this volume places on exhibition the 
products of the family factory. preveriog this material the had (historically) sve bs bomes af the prople. 

and this close contact with a7 iife wividly portrayed in the book. and thorough, and the 


wale of the work en b ey and Per Capita Valucs b 
Household fn the ted States in 1840, pr and 1860.” 


12m0, cloth; $2.00, postage exira 


The Religions of the World. By Grorce A. Barton. (Ready July 15) 


_ A keen and sympathetic in jon of all the concerning their 
and history as are desirable for the student and 

t suited above all others to be a aniversa! religion. 


wii+ 331 pages, clothy $1. $0, postage extra 


The Suciology of Rurai Life (Vol, XI, Publications of 


Sociological Society). 
Among the articles are the follo Countryside amd Nation,”*b Waren HL Wilson Vincent; “Folk Cx 
of Rural Decline,” Edward A, versus Country,” The Burs! 
by G. Walter Fiske; The Land Problem and Rural elfare,” by Paul L. Varn iad and “T of the 


vi+232 pages, 8v0, paper; postage extra 


NEW VOLUMES IN THE UNIVERSITY ‘OF CHICAGO SCIENCE SERIES 
The latest results of special researches 


Food Poisoning. By Eowm Oakes Jorpan, Chairman of the Departinent Hygiene and 
Bacteriology, the University of Chicago. 
+112 pages, small r2me, cata; $1.00, postage extra 
The Biology of ‘Twins. By Horatio H. Newman, Associate Professor of a and Embry- 


ology in the University of Chi 
=: smail r2mo, Cloth; $1.25, postage extra 


Finite Collineation Groups. ‘By Hans F. BLICHFELDT, Professor af Mathematics in Teland 


Stanford Junior University: 
195 pages, small ramo, cloth; $1. sc, postage 


the 
small 12mo, cheth; $1.00, postage extre 
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FINE INKS &@ ADHESIVES Seventeen Pounds 


of Satisfaction 


Direct to You by Parcel Post 
REMINGTON JUNIOR TYPEWRITER 


A for the home ond ou 
A work facilita‘or and thought accelerator for . 


| 

Vegetable tue, Etc. Saver and business safeguard for the 
‘arm and office. 

fromi the use of corrosive and “a 

REMINGTON TYPEWRITER COMPANY 

(Incorporated) 

374 Broadway, New York a 

Send'me a Remington Jusior Typewriter, price 

decide ‘to Durchase i He to pay for it in to be 

monthly payments of 


When a Projection Lantern 


is to be Purchased 7 

careful ‘consideration should be 

given to the many advantages, the wide a 

range ae moderaté price of the 4 
BALOPTICON 
THE PERFECT STEREOPTICON 


The sod of the are of the eratitest advantage in educ: onal work, 
Our interesting lastrated price lst ith fall descriptions vent free on request 
Beusch lomb Optical 


A 664 ST. PAUL STREET, ROCHESTER. N.Y. 
WASHINGTON CHICAGO BAN FRANCISCO 
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